Abdullah Al-Shaghay

Dalhousie University

Wednesday November 20, 2019



@ Cyclotomic Subgroup-Polynomials
© Certain Classes of Quadrinomials

© Binomial Congruences and Honda-Type Congruences



@ Cyclotomic Subgroup-Polynomials
Q Certain Classes of Quadrinomials

© Binomial Congruences and Honda-Type Congruences



2mi .
For a fixed positive integer n we set w = e n . Then we can write the

n-th cyclotomic polynomial as the following product:

on(x)= J[ (x—wh).

ke(Z/nZ)*
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2mi .
For a fixed positive integer n we set w = e n . Then we can write the

n-th cyclotomic polynomial as the following product:

on(x)= J[ (x—wh).

ke(Z/nZ)*

Definition (Galois Subgroup-Polynomial)

Let H be a subgroup of (Z/nZ)* and (Z/nZ)*/H = {hiH, haH, ... hH}
be its corresponding quotient group. For each k, let

=y whh k=1, (1)
heH
The monic polynomial having ai, ..., aj as its roots denoted by J, y(x)

will be called the Galois Subgroup-Polynomial. That is,

InH(X) = (x —a1)(x —a2) - - - (x — ay).
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2mi

If we take n =7, then G = (Z/72)* ={1,2,3,4,5,6} and w=e7 . G
has the subgroups

Hi ={1}, Ho ={1,6},H; = {1,2,4} Hy = {1,2,3,4,5,6}.

Jrm (%) = (x = w)(x = w?)(x = w?)(x = w*)(x = w®)(x — n®)
=x+ X+ X+ P+ %+ x+ 1= dy(x).

Jr (%) = (x = (W + w®))(x = (W? + w))(x = (w® + w?))
=x34+x>—2x—1.

Jr (%) = (x = (W 4+ w? + wh))(x — (w® + w® + w®))
= x>+ x+2.

Fr(x) = (x = (w+w? + w?+w* +w’+wb) =x+1.
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The authors who introduced these polynomials in their paper, presented
the following two main results:
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The authors who introduced these polynomials in their paper, presented
the following two main results:

For any subgroup H of (Z/nZ)*, J, (x) € Z[x].

Let n be a square-free integer. Then Jp 1(x) is irreducible over Q for any
subgroup H of (Z/nZ)*.




Let p be an odd prime. Then the leading and next-to-leading coefficients
of Jp H(x) are all 1.




Let p be an odd prime. Then the leading and next-to-leading coefficients
of Jp H(x) are all 1.

Let Jpp(x) = x™ + x™ 1 + by _ox™"2 + ...+ by. Then

b pT_l—@, if |H| is even,
-2 = . .
" HIEL if |H] is odd.




Theorem
For any prime p > 2, we have

where T,(x) denotes the n-th Chebyshev polynomial of the first kind and
Un(x) denotes the n-th Chebyshev polynomial of the second kind.
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Let p=1 (mod 3) and |H| = 3, and write
JoH(X) = x™ 4+ xM 1 + by_ox™ 2 + ...+ by. Then

p—1 2p — 14
bp3=2(——|]—-4= .
m—3 ( g ) B




Let p=1 (mod 3) and |H| = 3, and write
JoH(X) = x™ 4+ xM 1 + by_ox™ 2 + ...+ by. Then

p—1 2p— 14
bp3=2({—]—-4=
'm—3 ( B ) 8

Let p=1 (mod 4) and |H| = 4. Then the constant coefficient of J, 1(x)
is always equal to 1.




Theorem

The sets of irreducible polynomials {Jyx yy(x) : H < (Z/p*7)*} and
{Jopk 1i(x) - H < (Z/2p*Z)*} are identical up to the signs of the
coefficients of the individual polynomials.
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Theorem

The sets of irreducible polynomials {Jyx yy(x) : H < (Z/p*7)*} and
{Jopk 1i(x) - H < (Z/2p*Z)*} are identical up to the signs of the
coefficients of the individual polynomials.

n H In,H(X)

7 {1} X+ X+ 3+ 2+ x+1
7 {1,6} X34 x?—2x—1

7 {1,9,11} x?—x+2

7 1{1,3,5,9,11,13} x—1

14 {1} X0 x5 xt -3 X% —x+1
14 {1,13} x3—x?—2x+1

14 {1,2,4} x?+x+2

14| {1,2,3,4,5,6} x+1

Abdullah Al-Shaghay (Dalhousie University) Wednesday November 20, 2019 10/25



For an odd prime p we have

1-— (—l)P;_lp
p .

Ip o (x) = X* + x +




For an odd prime p we have

1-(-1)%
ot (x) = X%+ x + #

Let p=1 (mod 3) be a prime, and the integer c be such that
4p = c? +27b% and c =1 (mod 3). Then

p—
3

1
Ip.Hy(X) = X3+ x% — X — —(p(c +3)-1).




Abdullah Al-Shaghay (Dalhousie University)

Theorem

Let p=1 (mod 8) be a prime, and the integer s be such that
p=s>+4t?> and s =1 (mod 4). Then

3(p—1) 1
A3 _
Jp.Hy(x) = X" + x g 2+ T ((25 3)p+1>x
il 2
+—256(p — (452 —85+6)p+1).

Let p =5 (mod 8) be a prime, and the integer s be such that
p=s2+4t> and s=1 (mod 4). Then

1 1
Ip.H,(X) = x* + X3+§(P -+ 3)X 4k G <(2s +1)p+ 1>x

256

+i(gp2_(4s —~8s—2)p+1).
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Theorem

The constant coefficient by of the Cyclotomic Subgroup-Polynomial
Jn,H(X) is given by the integral formula

2 N
bo = |a1| - |a2| - - - |a|—— I) / Hsm — &) ’(’Vf+2)dt

where N is the degree of J, 1(x), and o = o1 + ap + ... + oy with
arg(ax) = ak, and a1, ..., ay given by (1).
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For 0 < m < n integers, we have

pe(m) if n/m is a power of a prime p,
1 otherwise.

p(d)m, d)n) = {




Theorem (Apostol)

For 0 < m < n integers, we have

d)ma q)n =
4 ) 1 otherwise.

pe(m) if n/m is a power of a prime p,

Theorem
For 0 < m < n integers, we have

o(m)

p(Jm,{—l,l}a Jn,{—l,l}) =

+p 2 if n/m is a power of a prime p,

+1 otherwise,

where the signs can be specified in some cases.
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Theorem

If p is an odd prime, then the polynomials J, 11(x) become p-Eisenstein
polynomials for all proper subgroups H < (7Z/pZ)* when x is replaced by
W_;(X)) and the polynomial is multiplied by the constant n".

P,
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Theorem
If p is an odd prime, then the polynomials J, 11(x) become p-Eisenstein
polynomials for all proper subgroups H < (7Z/pZ)* when x is replaced by
W_;(X)) and the polynomial is multiplied by the constant n".

P,

Theorem

If n = p™, then for each subgroup H < (7Z/pZ)* and corresponding
subgroup H' < (Z/p™Z)* such that |H'| = |H|, we have

Jom (X)) = Jppy(xP")  (mod p).
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For n = p an odd prime we can write the n-th cyclotomic polynomial as

hi
L

Cbp(x): Xk:1+X—|-X2—{—---—|—XP_1.
0

>
Il
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For n = p an odd prime we can write the n-th cyclotomic polynomial as

[ay

CDp(x): Xk:1+X—|-X2—{—---—|—XP_1.
0

T

>
Il

Theorem (Harrington)

Let n and c be positive integers with ¢ > 2. Then the polynomials

n—1 n—1

f(x) :X"—i—ZCXj, g(x) :X”+Z(—1)”_jcxj,
Jj=0 Jj=0
n—1 n—1

h(x) = x" — Z ox/, k(x) = x"— Z(—l)”_jcxj,
j=0 Jj=0

are irreducible in Z[x] with the exceptions of
f(x)=x*>+4x+4=(x+2)?and g(x) = x> — 4x + 4 = (x — 2).
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Theorem

Let n,c and a be positive integers with ¢ > 2 and a < n. Then the
polynomials

n—a—1 n—a-1
900 =x"+ Y o, g =x"+ Y (-1)"Ted,
j=0 j=0
n—a—1 ] n—a—1 o
W) =x"— ) o, k() =x"— Y (-1)" o,
j=0 Jj=0

are irreducible in Z[x] with the exception of the cases x" — s" and x" + s".
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Consider f275’12(x) =x®+12. 2,177:0

illustration of the roots of f275’12

(x) in the plane:

x". The following diagram is an
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Varying one parameter while keeping the other two parameters fixed
affects the roots in the following manner:

e Fixing the parameters a and ¢ while increasing n fills more roots on
the the “unit circle”.

e Fixing the parameters n and ¢ while increasing a fills more roots on
the outer “circle”.

@ Fixing the parameters n and a while increasing ¢ increases the
diameter of the outer “circle”.
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Varying one parameter while keeping the other two parameters fixed
affects the roots in the following manner:

e Fixing the parameters a and ¢ while increasing n fills more roots on
the the “unit circle”.

e Fixing the parameters n and ¢ while increasing a fills more roots on
the outer “circle”.

@ Fixing the parameters n and a while increasing ¢ increases the
diameter of the outer “circle”.

Theorem
For £,°°(x), gn “(x), ha(x), and k7 “(x), we have

D(£%(x)) = D(gn“(x)) = D(hp(x)) = D(ky“(x))

for all n > 2 and all values of a and c.

0 (mod c™1),
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S () = kZ;O(_l)ek (Z) a (zkn> b.




Definition
S () = ki_o(_l)ek (:) a (zkn> b.
‘Theorem (Chamberland and Dilcher) |

For all primes p > 5 and integers m > 1 we have

u(mp) = u(m) (mod p%),

where u(n) := uil(n).




Definition

S y(n) = i(_l)ek (Z) a <2kn> b‘

Theorem (Chamberland and Dilcher)

For all primes p > 5 and integers m > 1 we have

u(mp) = u(m) (mod p),

Theorem
For any prime p > 5 and nonnegative integers m,s we have

u(mp*™) = u(mp®) (mod p3).
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The Legendre polynomials have the explicit formula

Pa(1 4 2t) = Z (Z) <”t k) £k, (2)

k=0
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The Legendre polynomials have the explicit formula

Pa(1 4 2t) = Z (Z) <”t k) £k, (2)

k=0

Theorem
With the prime p > 5 fixed we have

Pnp—l(]- TF 2t) = P,,_]_(]. - 2tp) (mod np), (3)
Pnp(1+2t) = Py(1 +2t”) (mod np), (4)

where n = 1,2, p,2p, p%,2p>, ... .
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The Chebyshev polynomials of the first kind have the explicit formula

L3

n (n—k—=1)! ne
Y e i

[NIE]
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The Chebyshev polynomials of the first kind have the explicit formula

L3

[NIE]

(n—k-1)

Tl = Kl(n — 2k)!! (2"

(-1)

n
2
k=0

Theorem
For any prime p, we have
Top(x) = Ta(x?)  (mod np),

where n=2p/, i,j > 0.
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Thank you very much for your time and patience ! Please feel free to ask
any questions and | will do my best to answer them.
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