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Integral Clifford+T Circuits

Integral Clifford+T circuits and O,(Z[1/2])

e Integral Clifford+T circuits are circuits over

{X, CX, CCX,H ® H}.
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e Integral Clifford+T circuits are circuits over
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Integral Clifford+T Circuits

Integral Clifford+T circuits and O,(Z[1/2])

Integral Clifford+T circuits are circuits over

{X, CX, CCX,H ® H}.

Z [%} = {%]u €Z,q¢ N} is the ring of dyadic fractions.

On(Z[%D is the group of orthogonal matrices over Z [%]
namely, the group of orthogonal dyadic matrices.

[Amy et al., 2020]: A 2" x 2" unitary matrix V can be exactly
represented by an n-qubit circuit over {X, CX, CCX,H @ H}
if and only if V € Opn (Z [%])
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Integral Clifford+T Circuits

Motivation

e Integral Clifford4+T circuits play an important role in many
quantum algorithms.

e Given an orthogonal dyadic matrix, how to find a circuit for it?

e How to ensure that we find a short circuit?
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Integral Clifford+T Circuits

Basic Gates

11 1 1
171 1 1 -1 1 -1
H\@[l —1]' K=HoH=311 1 41
1 -1 -1 1
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Integral Clifford+T Circuits

Two-level Operators

Let U= "Y1 12| The action of Ua,p;, 1 < a < B < n, is defined as
X2,1 X2 0

i) =[]
Ua,51v = w, where ¢ [W3 ve|’

wi = vi,i ¢ {a, B}.

Example
1 0 0 O Vi Vi
0 1 0 0 1 O v3
Let X = |:1 0:| . Then X[273] = 01 0 0 and X[2’3] v =
0 0 0 1 V4 Va
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Integral Clifford+T Circuits

Four-level Operator Uy, 3 .]

Similarly, we can create a four-level operator by embedding a 4 x 4
matrix U into an n x n identity matrix.

Example
1/2 1/2 0 1/2 0 1/2
101 1 1 1/2 -1/2 0 1/2 0 -1/2
11 -1 1 —1 0 0 1 0 0 0
K=—- . Then K[124,6]:
21 1 -1 -1 /2 1/2 0 -1/2 0 -1/2
i -1 -1 1 0 0 0 0 1 0
1/2 -1/2 0 -1/2 0 1/2
vi (i +vo+va+v)/2
Vo (i —va+vs—v6)/2
vs
K —
BAA (vi+v2—wva—v)/2
Vs Vs
V6 (i—vo—wvs+v6)/2
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Integral Clifford+T Circuits

Generators of O,(Z[1/2])

e Our generating set:

G = { Dia]s Xjo6)> Koyl - 1<a<ﬁ<7<6<n}
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Exact Synthesis Algorithm

Exact Synthesis of Integral Clifford+T Circuits

Theorem (Amy et al., 2020)

Let M be a unitary n X n matrix. Then M € O, (Z[%]) if and only
if M can be written as a product of elements of G.

v

Proof
)G C O,,(Z[%]) and O,,(Z[%]) is closed under multiplication.
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Exact Synthesis Algorithm

Synthesis Algorithm in a Nutshell

Proof

=) For every M € O,(Z[3]), construct a sequence of generators
representing M.

00
— — —
MG1 0 0 &%}1
0|1 O
0|0 1
= -1




Exact Synthesis Algorithm

Characterize Integral Clifford+T Circuits

Corollary (Amy et al., 2020)

G can be exactly represented by integral Clifford+T circuits using
at most one clean ancilla.

Theorem (Amy et al., 2020)

A 2" x 2" unitary matrix VV can be exactly represented by an
n-qubit circuit over { X, CX, CCX,H ® H} if and only if

Ve on (@ [3)).
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Exact Synthesis Algorithm

Complexity of a Vector

Definition (Least Denominator Exponent)

Lett € Z [%] A natural number k € N is a denominator exponent
for t if 2Kt € Z. The least such k is called the least denominator
exponent of t, written Ide(t).

Lemma

| A

Let v e Z [3]" be a unit vector. Let k = Ide(v). If k =0, then
v = +e; for some j € {1,--- ,n}.

N
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Parity)

Let uy, up, u3, us be odd integers. Then there exists 11,72, 73,74 € Zp such that

uy uj
up ul .

K[1,273’4](71)E—11](71)E—22](71){33](71);{‘] s = Uz , uy, ub, ub, uy are even integers.
us uy
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Parity)

Let uy, up, u3, us be odd integers. Then there exists 11,72, 73,74 € Zp such that

uy uj
up ul .

K[1,273’4](71)E—11](71)E—22](71){33](71)[14] s = Uz , uy, ub, ub, uy are even integers.
us uy

Lemma (Counts)

Letv € Z [%]n be a unit vector, and Ide(v) = k > 0. Let w = 2Kv. Then the number
of odd entries in w is a multiple of 4.

v
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Parity)

Let uy, up, u3, us be odd integers. Then there exists 11,72, 73,74 € Zp such that

u1 uj
uo ub .

K[1,273’4](71)E—11](71)E—22](71){33](71)[14] n| = Uz , uy, ub, ub, uy are even integers.
us uy

Lemma (Counts)

Letv € Z [%]" be a unit vector, and Ide(v) = k > 0. Let w = 2Kv. Then the number
of odd entries in w is a multiple of 4.

Proof.

Let w = 2Kv € Z". Since vTv = 1, we have wTw = 4K and therefore > Wj2 = 4k,

Note that w? = 1(4) if and only if w; is odd and w? = 0(4) if and only if w; is even.

Hence the number of w; such that sz = 1(4) is a multiple of 4. O
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Exact Synthesis Algorithm

Example (Input: v € Z [%]8 Output: Gy, Gy, G3 Result: G3 - Gy - Gy - v = e1)
1 0
N 61=K11,2,3,4( V(D (D, 10 62=K(s,6,7,8)(— V]
R e
1 1
1 1
1 1
Ide(v) = 2 Ide(v') = 2
2 1 D) 1
0 0 0 0
0 0 0 0
s 110 1] 0 G1=K1,6,7,8](— Vg (V=Yg ,,, 10 0
v : Z 0 = = 0 v : 5 0 = 0 = €1.
-2 -1 0 0
—2 -1 0 0
-2 -1 0 0
Ide(v'") = 1 Ide(v”’) = 0
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Reducibility)

Let v e Z [3]" be a unit vector. Let k = Ide(v). If k >0, then
there exists a sequence of generators Gy, ..., Gy such that
lde(Gy - ... - Giv) < k.
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Reducibility)

Let v e Z [3]" be a unit vector. Let k = Ide(v). If k >0, then
there exists a sequence of generators Gy, ..., Gy such that
|de(Gg © 5000 G1V) < k.

Lemma (Column Reduction)

Let v e Z[3]" be a unit vector. Then there exists a sequence of
generators Gy, ..., Gy such that Gy - ... - Giv = ¢;.

N,
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Exact Synthesis Algorithm

Correctness of the Synthesis Algorithm

Lemma (Reducibility)

Let v e Z [3]" be a unit vector. Let k = Ide(v). If k >0, then
there exists a sequence of generators Gy, ..., Gy such that
|de(Gg © 5000 G1V) < k.

Lemma (Column Reduction)

Let v e Z[3]" be a unit vector. Then there exists a sequence of
generators Gy, ..., Gy such that Gy - ... - Giv = ¢;.

If M e O, (Z[%]) then M can be written as a product of
generators from G.
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Exact Synthesis Algorithm

Graph Representation of O,(Z[3])
1. Build a graph for O,,(Z[%]).

S ——3 s

S5

m

2

N F v
S —» 53

e Vertex = group element (aka, operators, matrices, states).
e Edge = a sequence of generators (e.g., Fss = s3).

e Cycle = relation (e.g., EG = F).
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Exact Synthesis Algorithm

Proof of Completeness

2. The exact synthesis algorithm gives a canonical path from each

group element to 1.

S) —— S1

S5

S4 —— 83

Sarah Meng Li, Neil Julien Ross, and Peter Selinger
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Relations for Op(Z[1/

Semantic Equivalence

e A word is a sequence of generators. We write C for Gq...Gr.

e Each operator has a unique normal form, which is the word
output by the exact synthesis algorithm.

e The interpretation of g is [[6]] =Gg-...-Gy.

Definition

Two words 8 and ? are semantically equivalent, written 8 ~ ?

if [C] = [F].
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Relations for Op(Z[1/

Motivation

Let C; and C> be two circuits where
C1 = X1,2X3,41X[1.2)» Co = X34

To see if C; ~ C», we can check
e by direct computation;

e or by simplifying Cy:

C1 = X2 X341 X121 ~ X, 2X11,2X3.4) ~ IX[3,4) ~ X3,4] = C2.
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Relations for O,(Z[1/2])

Syntactic Equivalence

Definition
Two words E and ? are syntactically equivalent, written 8 ~ ?
where = is the smallest congruence relation on words containing

Ri,..., Rk and such that

C~G P~F=GR~GF.

Question: Can we use syntactic and semantic relations
interchangeably?

Generators and Relations for the Group O, ( Z
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Relations for O,(Z[1/2])

Theorem (Analogous to Greylyn's Theorem, 2014)
Lee © eidl F e e aver G of On(Z[3]), then

GrF < G~ F

Theorem (Soundness)

CrF=>C~F

Proof ’

By matrix multiplication.
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Relations for Op(Z[1/2])

Theorem (Completeness)

G FoC~? /

Proof Idea

If two words are semantically equivalent, they corresponds to the
same normal form. If we can reduce an arbitrary path to its normal
form using syntactic relations, this implies completeness.

o 2o
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Relations for Op(Z[1/

A Complete Set of Syntactic Relations

XGo

(-1

K[i,b,c,d]
Xia,61Xjc,d)
Xa, 0] (= 1)
Xia, 0] Klc,de,f]
(=)@ (=)
(=g Kib,c,d,el
Kia,b,c,d) Kle, g,
Kia,b,c,d) Kib,d e, 1]

~ €

~ €

R Xie, a1 Xfa, bl

= (=1)gXa,n

R Kic,d,e,nXa,b]
=~ (- (-
~ Kpb,c,d,e(— 1))
~ Kie,r,g,nKa,b,c,d)
R Kic,d,e,Kab,c.e]

Xja,a1 Xlo,t] =
Xio,5/1 Xia,0] &
Xa,n(=1)p) =
Xa,a'1Klab,c.a) &2
Xib, o1 Ka,b,c,d) A
Xie,c'|Kla,b,e,d] =
Xid,a'1Ka,b,c,q) =

Xa.b Kla,b.c.d]
Xie. a1 Kia,b.c.a
Xib.c1Kla,b.c.d]

Xiat 6 X[a,21)
Xja, /1 X1b,b]
(=1) (1 X(a, 11
Ko’ b.c.d)X[a, "]
Kia, b’ ¢, X(b,b/1
Klab.e! ) Xje,c]
Kia,b,c,a/1X1d,a"]

~ Kia,b,e,d1 Xib,dl (=151 (= 1)1a]

Kia,b,c,d1 X{b,4]
(=12 Kja,b,c,a1 (= 1) Kla,b,c,a) (= 1)1a)

Kie. g, Kia,b,c,d) X(d,e] Kla,b,c,d1 Kle, £ g 5]

~

(=D (=) iw Xia, 11 Ke £.,1 Kia, b.c,d1 Xid, e Kia, b, dl Kie, g0 Xa, i (— Dia (= 1)y
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Relations for O,(Z[1/2])

Proof of Completeness

Use induction to leverage finitely many syntactic relations such
that an arbitrary path can be rewritten into its equivalent
canonical path.

Let s i I be any sequence of simple edges with final state I, and
_)

let s 2L | be the unique sequence of normal edges from s to I.

Then 8 ~ ﬁ

To prove Lemma 1, we proceed by induction on the length of 8

M
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Relations for Op(Z[1/

Proof of Completeness

Let s E) I be any sequence of simple edges with final state I, and
é

let s 2 | be the unique sequence of normal edges from s to I.

Then g ~ ﬁ

To prove Lemma 1, we proceed by induction on the length of 8

M




Relations for Op(Z[1/2])

—
Let s S r be a simple edge. Let s L. | be the unique sequence

%
M .
of normal edges from s to I, r = | be the unique sequence of

— —
normal edges from r to . Then MG ~ N.

To prove Lemma 2, we proceed by induction on the level of s.

N
S
I G
M
.
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Relations for Op(Z[1/2])

%
Let s S r be a simple edge. Let s . | be the unique sequence
%
of normal edges from s to I, r M. | be the unique sequence of

— —
normal edges from r to |. Then MG ~ N.

To prove Lemma 2, we proceed by induction on the level of s.

_>
No N




Relations for Op(Z[1/2])

Y
Let s < r be a simple edge. Let s L | be the unique sequence of normal

—
edges froms to I, r 2. | be the unique sequence of normal edges from r to I.

Then MG ~ N.

Main Lemma G
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Relations for O,(Z[1/2])

Main Lemma

Let s, t, and r be states, N : s = t be a normal edge, and G : s — r be a
s_ir>np|e edge. Then there exists a state g, a sequence of normal edges

N’ : r = g and a sequence of simple edges G’ : t — g such that the diagram

G
S — > r
N N
Vel
t ------ > q

_>
commutes syntactically and level(G’ : t — q) < level(s).

Proof

Since t and N are uniquely determined by s, and r is uniquely determined by
G, it suffices to distinguish cases based on the pair (s, G).
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Relations for O,(Z[1/2])

Basic Edges

Definition

Consider
G = {Xaat+1) Kposap () |1 <a<n—-1}

and G’ C G. We call an element from G a simple generator, an
element from G’ a basic generator. Furthermore, an edge s £> tis
simple if G is a simple generator. An edge s S, tis basic if G is a
basic generator.

Basic edges and simple edges can be used interchangeably while
the levels of edges are respected.
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Relations for Op(Z[1/

Proof by Cases
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Relations for Op(Z[1/

A Complete Set of Syntactic Relations

XGo

(-1

K[i,b,c,d]
Xia,61Xjc,d)
Xa, 0] (= 1)
Xia, 0] Klc,de,f]
(=)@ (=)
(=g Kib,c,d,el
Kia,b,c,d) Kle, g,
Kia,b,c,d) Kib,d e, 1]

~ €

~ €

R Xie, a1 Xfa, bl

= (=1)gXa,n

R Kic,d,e,nXa,b]
=~ (- (-
~ Kpb,c,d,e(— 1))
~ Kie,r,g,nKa,b,c,d)
R Kic,d,e,Kab,c.e]

Xja,a1 Xlo,t] =
Xio,5/1 Xia,0] &
Xa,n(=1)p) =
Xa,a'1Klab,c.a) &2
Xib, o1 Ka,b,c,d) A
Xie,c'|Kla,b,e,d] =
Xid,a'1Ka,b,c,q) =

Xa.b Kla,b.c.d]
Xie. a1 Kia,b.c.a
Xib.c1Kla,b.c.d]

Xiat 6 X[a,21)
Xja, /1 X1b,b]
(=1) (1 X(a, 11
Ko’ b.c.d)X[a, "]
Kia, b’ ¢, X(b,b/1
Klab.e! ) Xje,c]
Kia,b,c,a/1X1d,a"]

~ Kia,b,e,d1 Xib,dl (=151 (= 1)1a]

Kia,b,c,d1 X{b,4]
(=12 Kja,b,c,a1 (= 1) Kla,b,c,a) (= 1)1a)

Kie. g, Kia,b,c,d) X(d,e] Kla,b,c,d1 Kle, £ g 5]

~

(=D (=) iw Xia, 11 Ke £.,1 Kia, b.c,d1 Xid, e Kia, b, dl Kie, g0 Xa, i (— Dia (= 1)y
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Relations for Op(Z[1/

Future Work

e Improve the complexity of the synthesis algorithm:

O(22nnk) Householder O(4" k) Global 0(?)
Decomposition Synthesis
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Relations for Op(Z[1/

Future Work

e Improve the complexity of the synthesis algorithm:

O(22nnk) Householder O(4" k) Global 0(?)
Decomposition Synthesis

e Interpret syntactic relations in terms of quantum circuit
relations.
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Relations for Op(Z[1/

Future Work

e Improve the complexity of the synthesis algorithm:

O(22nnk) Householder O(4" k) Global 0(?)
Decomposition Synthesis

e Interpret syntactic relations in terms of quantum circuit
relations.

e Find a minimal set of syntactic relations for O,(Z[3]).
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Relations for Op(Z[1/

Future Work

Improve the complexity of the synthesis algorithm:

0(4"nk) —Slobal_ 57y

Decomposition Synthesis

Householder

0(2%" nk)

Interpret syntactic relations in terms of quantum circuit
relations.

Find a minimal set of syntactic relations for O,(Z[3]).

Find syntactic relations for other restricted Clifford4+T matrix
groups (e.g., imaginary Clifford+ T circuits).
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Relations for Op(Z[1/

Thank You!
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