MAT 3361, INTRODUCTION TO MATHEMATICAL LOGIC, Fall 2004
Handout 2: Quantifier Problems

Problem 1 Prove the following in natural deduction:
(@ Q= VzP(x) =Vx(Q = P(x)) — assume that = does not occur in Q.
(b) =3z P(z) =Vy = P(y).
(¢) Va P(z) AVz Q(x) =Vz (P(z) A Q(z)).
(d) Vz P(z) VVz Q(x) F Vz (P(z) V Q(z)).
(€) JxVy P(x,y) F Vy Iz P(z,y).
(f) JzVy P(z,y) - 32 P(z, 2).
(@ Fz P(z) V3zQ(x) = Fz(P(z) Vv Q(x)).
(h) Jz(P(z) A Q(x)) F 3z P(z) A Jz Q(z).
() 3z P(z,z) F Jy3z P(y, 2).
() Vz (A(z) = B(z)) F 3z = B(z) = 3z = A(x).
(k) =3z (A(z) A B(x)) = Va (A(z) = 2 B(x)).
() 3zVy P(x,y,z) - JxVy Iz P(z,y, 2).
(m) b Va(P(x) = Ty P(y)).
(n) FVz(Vy P(y) = P(x)).
(0) Vz P(x) - 3z P(z).
(p) Va(A(z) = B(x)), Vy(B(y) = C(y)) F Vz(A(2) = C(2)).
(@ 3z A(x), Ve (A(z) = B(x)) b Fz(A(x) A B(z)).
() Vo A(z), 3 (A(x) = B(x)) - 3x(A(z) A B(z)).
(s) = 3Jz(A(z) V B(z)) =Vz = A(z) AVz = B(z).
() 3z P(x) = Yy Q(y) = Vo Vy(P(z) = Q(y)).
Problem 2 Prove the following by natural deduction. Note: each of these problems requires the ——-elimination rule.
() @ = 3z P(z) =3z (Q = P(x)) — assume that = does not occur in Q.
(V) =Va P(z) =3y = P(y).
(W) 3z (A(z) A B(z)) = = Va (A(z) = - B(z)).
() 323y P(y) = P(x)).
(y) =Vz(A(z) A B(z)) = 3z - A(z) V 3z - B(x).
(@) Vo P(z) = 3y Qy) = Fz Iy(P(x) = Q(y)).

Problem 3 In Problem 1 (d), (e), (F), (h), (i), (j), (I), (0), (p), (q), (r), prove that the converse direction does not hold
by giving a counterexample.



