
MATH 285, HONORS MULTIVARIABLE CALCULUS, FALL 1999

Answers to the First Midterm

Problem 1 (10 points) Thecurveshown ontheright is givenin
polarcoordinatesby theequation������� , where �	��
 � 
�� .
Calculatetheareaenclosedby thecurve. -10 -8 -6 -4 -2
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Theareaof a curvein polar coordinatesis������������ ������� ��� ���� �! ��"�#�%$ ��'& �)(*#+ � � � �-, (*�.
Problem 2 (8 points) Find anequationof thetangentline to thecurve / �10 � , 2 �436587�9�: at the
point :;�=< .
Wefirst calculatetheslope: ��>�)? � ��>A@B��C�)?�@B�)C � �EDGF)HI� CJ � � �

� � � .
Thetangent line goesthroughthepoint ?LKM� J K � � , >)K�� HONQPSR � R . Theequationof thetangent line is>MTU> K � �AV ?�TW? KYX or >Z� �AV ?'T � X .
Problem 3 (10 points) Find thecurvature []\ :6^ of thecurve _` �badc":fehgi:Yjk:f�Bjl<Am asa functionof : .
How many pointsalongthecurvearethereatwhich []\ :6^n�=< ?
Wefirstcalculateoprq �tsvuBC �!w �yx � C x R�z and op{q q �ts �Y| C x � x R�z . WehaveoprqO} op{q q �ts R x R x V uBC �"w � X & � T �Y| C & � C z �s R x R x T �Y| C �hw �)z . Thus, ~ V C X ��� op{qI} oprq q �� op q � e � � T �Y| C ��w � ��"� V uBC � w � X � w Vv� C X �l� e .
We have

~ V C X � R if andonly if T �Y| C � w � � R or Cn�=���e . Thus,there are two pointsalongthecurveat
which

~ V C X � R .
Problem 4 (10 points) Assumethe vectors _� and _� are orthogonalto eachother. Prove that_��� \ _� � _� ^ is collinearto _� . (Hint: rewrite _�W� \ _� � _� ^ usingdot products.)

If o� and o� areorthogonal,then o� & o� � R . By Formula6 on p.841,wehaveo� } V o� } o� X � V o� & o� X o� T V o� & o� X o� � V o� & o� X o� T o� .
Since o� & o� is a scalar, this is a scalarmultipleof o� .
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Problem 5 A “spaceship”leavesthe origin at time :���< . Its positionat time : is givenby the
vectorfunction _` \ :6^;��a �Q�e jl�": � :feyjk:f� � �Q�e m .

(a) (4 points) At whattimedoesthespaceshipreachtheplane/ g������ ?
Wehave? w�� ��� if andonly if

�Q�e w C � T �Q�e ��� if andonly if C � ��� . ThishappenswhenC��i� � .
But sincetheshaceshipleavesat C]� R , wepick thepositivesolution C]� � .

(b) (8 points) At what angledoesthe pathof the spaceshipintersectthe planefrom part (a)?
(For your answer, it is enoughto give the sineor the cosineof the angle. Make sureyou
indicatewhich oneyou aregiving.)

Thevelocityvectorof the spaceshipis op{q V C X ��s8C � xO| T��BC � x C Vv� T�C X z . Thusthevelocityat C#� �
,

whenthespaceshiphits theplane, is op q Vv� X ��s8� x T;� x R�z . Letuscall thisvector o  . A normalvectorof
theplane ? wU� ��� is o¡ �ts �yx R xY� z . If ¢ is theanglebetweeno  and o¡ , and £ is theanglebetweeno 
andtheplane, then ¢ w £ � , @ � , andthus

DGF)H ¢ � HfN�P £ (seeillustration). WehaveHfNQP £ � DGF)H ¢ � o  & o¡� o  � & � o¡ � � �¤ � � & ¤ � � ��{.
Thus£ � , @y¥ , or £ �¦� R)§ .

Plane x+z=4

Spaceship
Path of

α
β

n

v

2


