MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto Problem Set 1

Problem 1.4 Assumethatz,y € B. Then{z} C B and{z,y} C B, andthus{z} € PB and{z,y} € PB. It
followsthat{{z},{z,y}} C PB, andthus{{z},{z,y}} € PPB.

Problem 1.5 We have:
1. Vo=0,
2. Vi =PVo = {0},
3. Vo =PVi ={0,{0}},
4. Vs = PVe = {0, {0}, {{0}}, {0, {0}}}, etc.
If A= {{0}}andB = {0,{0},{0,{0}}} thenweseethatA C V; but A  V;. Thustherankof A is 2. Similarly,
B C V3 but B € Vy, thustherankof B is 3.
Problem 2.2 Let A = {{a}, {b}} andB = {{a, b} }, for someqa # b.
Problem 2.3 Leta € A. Thenfor ary z € a, by definitionof union,we have z € |J A. Thus,a C |J A.

Problem 2.4 Supposed C B. Wewantto shav | JA C |JB. Sotakeary z € |J A. Then,by definitionof |J A,
thereis somea € A with z € a. Butbecaused C B, wealsohavea € B, andthusz € |J B by definitionof | B.
Sincez wasarbitrary thisshovs|J A C | B.

Problem 2.5 Assumeevery memberof A is asubsebf B. We wantto shawv that| J A C B. Sotakeary z € |J A. If
sufiicesto shav thatz € B. By definitionof | J A, thereis somea € A with z € a. By assumptiong C B. It follows
thatz € B asdesired.

Problem 2.6

(a) By extensionalityit is enoughto show thateachelementof eitherof thesesetsis alsoin the other

Supposer € |JPA. We mustshav thatz € A. By definitionof union,thereis ana € P A with z € a. But, by
definitionof thepowerset,a C A, andhencez € A.

Corversely take ary € A. Thenwe have z € {z} andalso{z} € PA. Thus,by definition of union,
z € |JPA.

(b) ToshavthatA C P|J A, takeary z € A. By Problem2.3,wehavez C J A4, andthusz € P |J A, asdesired.

Equality doesnot in generalhold: For instancelet A by ary setwith § ¢ A. Since) € PJ A, we have
PUA € A. However, A = P|J A holdsif A is a powerset:if A = PB, for someB, thenP|JA =
PUPB = PB = A, wherethesecondequalityholdsby part(a), appliedto B.

Problem 2.7

(a) Eachof thefollowing statementss equivalentto thenext, by definitionof N, C, andP: a € PANPB. a € PA
anda € PB.a C Aanda C B.Anyz € aisin AandB. Anyz € aisin ANB.a C ANB.a € P(ANB).
Sothedesiredequalityfollows by extensionality

(b) NotethatA C A U B, by definitionof C andU. By Problem1.3,thisimpliesPA C P(A U B), andsimilarly
onehasPB C P(AUB). Now suppose € PAUPB. Thena € PAora € PB. In eithercasea € P(AUB)
by theabove. Thisshavs PA U PB C P(A U B), asdesired.

Thecorverseinclusiondoesnot alwayshold. For example let A bethe setof evennumbersand B bethe setof
oddnumbersThen{2,3,4} € P(AU B), but{2,3,4} ¢ PAUPB.

TheequalityP(A U B) = PA U PB holdsif andonly if B C A or A C B. To show the“if” partis easy
enoughjor the“only if” part,supposehatP(4A U B) = PAU PB. SinceAU B € P(A U B), it followsthat
AUB € PAUPB, andthusAU B € PAor AU B € PB. In thefirstcaseB C A, andin thesecondccase
ACB.



Problem 2.8 SupposeB wasasetsuchthatVz ({z} € B). Thenfor ary setz, onewould havez € {z} € B, and
thusz € |J B. Thus|J B would have everythingasa membeycontradictingTheorem2A.

Problem 2.9 Leta beary nonemptyset,andlet B = {a}. Clearlya € B. We have ) C a, andthus® € Pa, but not
0 € B. Thus,Pa ¢ B, andhencePa ¢ PB.



