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Answers to Problem Set 1

Problem 1.4 Assumethat ��������� . Then 	 ��

��� and 	 ������

��� , andthus 	 ��
������ and 	 ������
������ . It
follows that 	�	 ��
�� 	 ������
�
������ , andthus 	�	 ��
�� 	 ������
�
�������� .

Problem 1.5 We have:

1. ���! #" ,
2. ��$% � ���! &	'" 
 ,
3. �)(* � ��$% &	'" � 	+" 
�
 ,
4. �),* � �)(* &	'" � 	+" 
�� 	�	+" 
�
-� 	+" � 	'" 
.
�
 , etc.

If /& 0	�	'" 
�
 and �  1	'" � 	+" 
�� 	'" � 	'" 
�
�
 , thenwe seethat / � ��( but /32� �4$ . Thustherankof / is 2. Similarly,��� � , but � 2� �)5 , thustherankof � is 3.

Problem 2.2 Let /# 6	�	87 
-� 	'9 
�
 and �  &	�	87 � 9 
�
 , for some7�2 #9 .
Problem 2.3 Let 7 � / . Thenfor any �
� 7 , by definitionof union,we have �
�;: / . Thus, 7 �<: / .

Problem 2.4 Suppose/ �=� . We want to show : / � : � . So take any ��� : / . Then,by definitionof : / ,
thereis some7 � / with �>� 7 . But because/ �?� , we alsohave 7 �@� , andthus �>� : � by definitionof : � .
Since� wasarbitrary, this shows : / � : � .

Problem 2.5 Assumeeverymemberof A is asubsetof � . We wantto show that : A ��� . Sotakeany �;� : A . If
sufficesto show that �@��� . By definitionof : A , thereis some7 � A with �
� 7 . By assumption,7 ��� . It follows
that �;��� asdesired.

Problem 2.6

(a) By extensionality, it is enoughto show thateachelementof eitherof thesesetsis alsoin theother.

Suppose�;� : � / . We mustshow that �;� / . By definitionof union,thereis an 7 �B� / with �
� 7 . But, by
definitionof thepowerset, 7 � / , andhence�
� / .

Conversely, take any �C� / . Then we have �C� 	 ��
 and also 	 ��
��&� / . Thus, by definition of union,�
� : � / .

(b) To show that / ��� : / , takeany �;� / . By Problem2.3,wehave �
� : / , andthus �
��� : / , asdesired.

Equality doesnot in generalhold: For instance,let / by any setwith "#2� / . Since " �D� : / , we have��: /E2� / . However, /F ��: / holds if / is a powerset: if /F ��� , for some � , then ��: /G � : ���  ���  ?/ , wherethesecondequalityholdsby part(a),appliedto � .

Problem 2.7

(a) Eachof thefollowing statementsis equivalentto thenext, by definitionof H , � , and � : 7 �B� /BH ��� . 7 �B� /
and 7 ����� . 7 � / and 7 ��� . Any �
� 7 is in / and � . Any �;� 7 is in /IH � . 7 � /IH � . 7 ����J /KH �ML .
Sothedesiredequalityfollowsby extensionality.

(b) Notethat / � /�N � , by definitionof � and N . By Problem1.3, this implies � / �<��J /ON �PL , andsimilarly
onehas��������J /QN �PL . Now suppose7 �B� /PN ��� . Then 7 ��� / or 7 ����� . In eithercase,7 �B��J /QN �ML
by theabove. Thisshows � /ON �����O��J /�N �ML , asdesired.

Theconverseinclusiondoesnotalwayshold. For example,let / bethesetof evennumbersand � bethesetof
oddnumbers.Then 	+R �TS���U)
!�B��J /ON �PL , but 	+R �TS���U)
 2��� /�N ��� .

The equality ��J /VN �PL  � /VN ��� holdsif andonly if �W� / or / ��� . To show the “if ” part is easy
enough;for the“only if ” part,supposethat ��J /ON �ML  � /�N ��� . Since/ON ������J /ON �ML , it followsthat
/�N �X�;� /ON ��� , andthus /�N �X�;� / or /�N �X�;��� . In thefirst case�X� / , andin thesecondcase
/ ��� .
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Problem 2.8 Suppose� wasa setsuchthat Y ��J 	 ��
Q�I�PL . Thenfor any set � , onewould have �Z� 	 ��
[�>� , and
thus
\ �;�;:�� . Thus :O� would haveeverythingasa member, contradictingTheorem2A.

Problem 2.9 Let 7 beany nonemptyset,andlet �  6	'7 
 . Clearly 7 �;� . We have " � 7 , andthus " �B� 7 , but not
" ��� . Thus, � 7
2��� , andhence� 7
2�B��� .
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