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Answers to Problem Set 4

Problem 1 Recallthatabinaryrelation � on � is saidto bea linearorder(in thestrict sense)if it is:

1. irreflexive: �������	��
�� � ��
 ,
2. transitive: ������������������� � ����� � �	��� � ��
 ,
3. connected:�����������	��� � �! ���"#�� $� � ��
 .

A binaryrelation % on � is saidto bea linearorder(in thenon-strictsense)if it is:

1. reflexive: �����&�����'%(��
 ,
2. anti-symmetric:���)�*�����	���'%+�,����%(�$���&"#�-
 ,
3. transitive: �������������������'%(������%#�	���'%(��
 ,
4. linear: ���)�*�$�&�����'%(�� $��%(��
 .

Suppose.��	� �0/ is a linearorderin thestrict sense,anddefine �1%2� to mean� � �3 &�4"5� . We claim that .��3�6% /
is a linearorderin thenon-strictsense.Reflexivity: for all � , onehas �&"7� andthus �'%#� . Anti-symmetry:Suppose
�8%9� and �7%9� . Assume,for the sake of contradiction,that �;:"<� . Then � � � and � � � , thus, � � � by
transitivity of � , contradictingirreflexivity of � . Thus ��"=� . Transitivity: Suppose�>%7� and ��%7� . If ��"=� then
�?%@� follows from �4%@� , andwe aredone.Similarly if ��"A� , then �+%8� follows from �+%5� , andagainwe are
done.Theonly caseleft to consideris when �+:"8� and �1:"8� . But then � � � � � , and � � � , thus �4%2� , follows
by transitivity of � . Linearity: Take �����>�B� . By connectednessof � , either � � � or �4"@� or � � � . In eachof
thesecases,it follows that �'%+� or ��%(� .

Conversely, suppose.��3�6% / is a linearorderin thenon-strictsense,anddefine� � � to mean��%(�����B:"#� . We
claim the .��3� �0/ is a linearorderin thestrict sense.Irreflexivity: For any � , since �#:"8� doesnot hold, � � � does
not hold. Transitivity: Suppose� � � and � � � . Then �C%D� and ��%D� , andalso �(:"5� and �1:"8� . It follows that
�(%E� by transitivity of % . Assumethat �+";� , then �?"A� follows by antisymmetryof % , a contradiction.Hence
�(:"8� , andthus � � � . Connectedness:Take �����'�4� . If �>"5� , we aredone,soassume�F:"8� . By linearity of % ,
we know that �'%F� or ��%(� , andthus � � � or � � � by definitionof � andthefactthat �?:"#� .
Problem 2 First, assumethat G is an equivalencerelationon � , andconsiderany �����7�=� . We mustshow that
�HG3�JIK� ���+�=�����HG	�+�L�MG3�N
 . To prove the left-to-right half of this equivalence,assume�HG,� . Then �NG3�
by symmetry, andthereforefor all �?�D� , ��G3� implies �MG3� by transitivity. To prove the right-to-left implication,
assumethat �����1�	���HG3�&�O�NG	��
 holds. In particular, ��G,�4�P�MG,� . But ��G,� by reflexivity, andhence�NG3� , and
by symmetry, ��G,� .

Conversely, assumethat �HG,�OIK� ���>�+�	���HG3�'�Q�MG3��
 holdsfor all ���*�1�+� . We want to show that G is
an equivalencerelationon � . Reflexivity: For any �D�7� , the statement���1�D�����HG	�C�R��G3�N
 is logically valid,
andthus ��G,� by hypothesis.Symmetry:Suppose��G,� . Then,by hypothesis,�����?�	���HG3���S�MG3�N
 . In particular,
�HG3�1�S�MG,� . But we have alreadyprovedthat G is reflexive,so �MG,� holdsasdesired.Transitivity: Suppose�HG,�
and �MG3� . Thelattergives ��TA�4�����MG,TE�P�UG,T�
 by hypothesis,andin particular, �MG,�>�V��G,� . We alreadyknow
that G is symmetric,sowehave �MG,� , andthus ��G,� . Anotherapplicationof symmetrygives ��G3� , asdesired.

Problem 3 SupposeW and X areequivalencerelationson sets� and Y respectively, and Z?[\�^]_Y is a function.
We want to prove that thereexistsa function `B[��!abWc]dY�aeX satisfying `���f �\gihj
!"kf Zl����
mgin for all �(�F� , if and
only if �HW���o implies Zl����
\XBZl���Hoi
 , for all �����Ho)�&� .

For the right-to-left implication, assumethat ` is sucha function. If ��W�� o , then f �\gih^"pf � o gih , thus `q�*f �-grhj
	"
`q�*f �Hosg h 
 , thus f Zl����
mg n "^f Zl���Hor
tg n by hypothesis,thus Zl����
-XBZl���Hor
 .

For the left-to-right implication, define `D"OuN.*f �-g h �6f Zl����
mg n /,v �;�^�,w . Then ` is certainly a relation of the
appropriatetype;wemustcheckthatit is a function.Soconsiderany .�x��*y / �z.�x��*T / �$` . By definitionof ` , theremust
be �����Hol�>� suchthat x'";f �-g h ";f ��o{g h , y�";f Zl����
tg n , and T@";f Zl���Hor
tg n . It follows that �HW���o , henceZl����
-XBZl����or

by hypothesis,henceyK"7T . Thisshowsthat ` is a function.Do seethatthedomainof ` is all of ��abW , noticethatfor
every f �\gih(�>�!abW , onehas .*f �-grh|�6f Zl����
tgrn / ��` , hencef �\gih(�'}M~U�+` . Thus, `�[N��abW@]VY�a�X . Moreover, it follows
directly from thedefinitionof ` thatit satisfiesthedesiredproperty.
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Problem 3.34 Assumethat � is a non-emptysetof transitive relations.

(a) Theset �+� is a transitive relation.Beinga subsetof some�^�'� , it is a relation.To show thatit is transitive,
take two pairs .��)�*� / �z.������ / �4�+� . Consideranarbitrary �@�'� . By definitionof intersection,.������ / �6.������ / �
� . Since� is atransitiverelation,it followsthat .������ / ��� . Since� wasarbitrary, it followsthat .������ / � � � .

(b) Theset �+� is not in generala transitiverelation.Thesimplestcounterexampleis �^"8ueu�.��-�6� / w���uN.��e��� / wew .
Problem 3.36 By definition,we have X^�#�=�$� , so X is a relationon � . We wantto show that X is anequivalence
relation on � . Reflexivity: For any ���^� , we have .�Zl����
���Zl����
 / �^W , by reflexivity of W . Thus, .��)�*� / ��X .
Symmetry:Suppose.����*� / ��X . Then .�Zl����
���Zl���-
 / ��W , thus .�Zl���-
���Zl����
 / ��W by symmetryof W . Hence.������ / �'X .
Transitivity: Suppose.��)�*� / �z.������ / ��X . Then .�Zl����
���Zl���-
 / �6.�Zl���-
���Zl����
 / ��W , hence.�Zl����
���Zl���N
 / ��W by transitivity
of W . Thus .������ / �'X .

Problem 3.41

(a) X is anequivalencerelation: Reflexivity: For any .�x��*y / �F�E�4� , x��#y4"�x$�(y , andhence .�x��*y / X�.�x)��y / .
Symmetry:Suppose.�x)��y / X�.��)�*� / . Then x��$��"D�|�$y , hence���$y�"7x��$� , hence.��)�*� / X�.�x)��y / . Transitivity:
Suppose.�x��*y / X�.������ / and .����*� / X�.�T3��� / . Then x��B�K"7���1y and ���B�	"DT+�1� . Adding thetwo equations,
weget xK�1�!�?���+�	"7���?y��?TF�B� . Subtracting���1� , we obtain x��B��"7TF�By , andthus .�x)��y / X�.�T3��� / .

(b) By Theorem3Q (or Problem3), whatwe mustcheckis whether .�x��*y / X�.������ / implies .�xK�F�by��*y!�F�bx / X�.����
�b���*���>�b� / . Thatis, wemustcheckwhetherx����K"7����y implies ��x��'�byM
M�B�����'����
j"^���0�'���M
M�?��y��>�bxq
 .
By adding x&�#yK�7�$�D� to eachsideof the equation,andexchangingleft andright sides,this doesindeed
follow. Therefore,therequired� exists.

Problem 3.44 To show that Z is one-to-one,take any �F:"=� in � ; we have to show Zl����
3:"8Zl���-
 . By connectedness
of � , we have either � � � or � � � . By hypothesis,this implies Zl����
 � Zl���-
 or Zl���-
 � Zl����
 . In eithercase
Zl����
�:"DZl���-
 by irreflexivity. This shows that Z is one-to-one.

Now assumethat Zl����
 � Zl���-
 ; we want to show � � � . We cannothave �5"�� , becausethis would imply
Zl����
3"9Zl���M
 , contradictingZl����
 � Zl���-
 (by irreflexivity). Neithercanwe have � � � , becausethis would imply
Zl���-
 � Zl����
 by hypothesis,andwe would have Zl����
 � Zl����
 by transitivity, againcontradictingirreflexivity. Since� is connected,theonly possibilityleft is � � � .
Problem 3.45 Considerlinearly orderedsets .��3� ���l/ and .�Y�� ����/ . The lexicographic ordering on ���CY is the
relation ��� definedasfollows:

.��-�b����� /|��� .��N e����  / if f �-� ��� �� j C���M�0"7�N ¡����� ��� �� 6
�¢
We show that ��� is a linearordering: Irreflexivity: Considerany .������ / �4�E�'Y . Sinceneither � ��� � nor � ��� �
hold (by irreflexivity of ��� and ��� ), wedonot have .������ /���� .������ / . Transitivity: Suppose.��-�b����� /���� .��N U����  / and
.��N e����  /���� .��N£e����£ / . We wantto show .��-�b����� /���� .��N£�����£ / . Noticethat �-�,%D��  and �N 	%D��£ . If we have �-� ��� �N 
or �N  ��� ��£ , then �-� ��� ��£ , andwe aredone. Otherwise,�-�K"¤�N �"¤�N£ and ��� ��� ��  ��� ��£ . In this case,we
have �6� ��� ��£ by transitivity, andagain,this implies .��-�b����� /!��� .��N£e����£ / asdesired.Connectedness:Considerany
.��-�b����� / �6.��N e����  / �4�^�'Y . By connectednessof ��� , we have either �-� ��� �N  or �-��"@��  or �N  ��� �-� . In thefirst
case,we have .�� � ��� � /�� � .��   ���   / , andin thelastcase,we have .��   ���   /�� � .�� � ��� � / ; if eitherof thesehappens,we
aredone.Theremainingcaseis � � "2�   . By connectednessof � � , we haveeither � � � � �   or � � "D�   or �   � � � � .
In thefirst case,we have .�� � ��� � /�� � .��   ���   / , andin thelastcase,we have .��   ���   /|� � .�� � ��� � / . Theonly remaining
caseis when � � "=�   , but thenwe have .�� � ��� � / "E.��   ���   / . Thuswe aredone.

Problem 6.22 We will show thatthestatement

For any set � thereis a function ¥A[ � �2]¦� suchthat ����¥�����
 for all �'� � � (*)

is equivalentto theaxiomof choice.We discussedfour equivalentstatementsof theaxiomof choicein class.Here,
we will show (AC2) � (*) � (AC3).

To show thefirst implication,assume(AC2) andlet � beany set. Considertherelation W¤�A�t�?��
���� defined
by .������ / �CW§IK� �1�1���C� . By thedefinitionof union,for each�B�1�+� , thereexists ���C� with �B�4� ; thus
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� � is thedomainof W . By (AC2), thereexistsa function ¥¤[ � �E]V� with ¥c�2W . This function ¥ satisfiesthe
property¨ (*): namely, for all ��� � � , we have .�����¥�����
 / ��¥A�FW , thus ����¥�����
 by definitionof W .

Now assume(*). We will show (AC3), i.e. theexistenceof a choicefunction �¤[���©D�Dª(ub«Nw¬
�]­� , for any set
� . Soconsiderany set � . For any ����� , definetheset ®�¯!"Euz���7� v �����Hw	�B©E©2� . Let ��°�"8u¬®�¯ v ���'�,w3�
©E©D� . Let ±'[e�=]¦� ° bethefunctiondefinedby ±����N
j"2®�¯ . We claim:

1. ± is one-to-oneandonto. Thus ±³² � [N� ° ]­� is a well-definedfunction.Proof: To show that ± is one-to-one,
assume±)���-
�"=±)����
 for some��������� . Then ®�´	"D®�¯ . Since u6��w is a memberof ®�´ , it mustalsobea member
of ®�¯ , which means,by definitionof ®�¯ , that ���Cu6��w , hence��"D� . This provesthat ± is one-to-one.Clearly, ±
is onto �!° by definitionof �!° .

2. �?�!°C"_©D�^ª8ub«Nw . Proof: �@�;�+��° if f µM�5�^�	���@�^®�¯b
 if f µM�=�A�8�¶� if f �8��� and �;:"·« if f
���1©D�#ª+ub«Nw .

By thehypothesis(*), whenappliedto theset �!° , it followsthatthereexistsa function ¥A[ � �!°�]¦�!° suchthat ���
¥����M
 for all �$� � ��° . We definenew definea function ��[���©D�DªFu¬«Mw¬
¡]V� asfollows: Let �����M
�"8± ² � ��¥����M
*
 .
By claims1 and2 above, this is a well-definedfunction. Now considerany �1�=©D�=ªDub«Nw . Let ��"������N
 . Then
®�¯�"�±����N
!"¤±��������M
�
3"�±)��± ² � ��¥����N
�
*
,";¥����M
 by definitionsof ± and � . Also �1�F¥����M
 by constructionof ¥ ,
hence�#�5®�¯ . The latter implies �F�=� by definition of ®�¯ . Since � was �����M
 , we have �����M
$�2� . Since � was
arbitrary, this holdsfor all ���1©D�7ªFu¬«Mw , whichprovesthat � is thedesiredchoicefunction.

Problem 7.1 Unlike in Problem3.44, both claims arewrong for partial orders. Considerthe following function
betweenpartially orderedsets:

This functionsatisfies� ��� �>�dZl����
 ��� Zl���-
 , but it is neitherone-to-one,nor doesit satisfy Zl����
 ��� Zl���-
��
� ��� � . Noticethattheelements� and ¸ satisfy Zl��¸�
 ��� Zl����
 , but not ¸ ��� � .

3


