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Answers to Problem Set 5

Problem 4.2 Suppose� is a transitiveset.Then
��� �����	�
���
��� by Theorem4E.Thisshows that ��� is transitive.

Problem 4.3

(a) Suppose� is a transitive set. To show that � � is transitive, take any ���
����� � ; it sufficesto show that����� � . We know ����� ��� , hence��� � . Since � is transitive, this implies � �
� , thus ����� � , asdesired.

(b) Suppose� � is a transitive set.To show that � is transitive, take any ��� � . It sufficesto show that � �
� . We
know that ����� ��� , hence����� �
� � . Since � � is transitive, this implies �!�"� � � � , hence���#� � , thus� ��� , asdesired.

Problem 4.4 Supposethat � is a transitiveset.To show that
� � is transitive,takeany � � � � . It will sufficeto show

that � � � � . We know that �$��%�� � for some% , by definitionof union. Thus �$� � by transitivity of � , which
implies � � � � , asdesired.

Problem 4.6 Suppose
��� �&���'�(� . To prove that � is transitive,observe that ���)��� , hence

� �*� ��� �&���'�(� by
Problem2.4.This shows � is transitive.

Problem 4.8 Assume+*,.-#/0- is one-to-oneand 12�3-54�687.9'+ . Define :3,<;=/0- by recursion:

: �?> �@� 1<A: �?B ���@� + � : �?B �C�ED
Remark:First observe that : �?B ���GF� : �?> � for all

B ��; , since : �HB ��� is in therangeof + , whereas: �I> � is not. Also
recallfrom Theorem4Cthateverynaturalnumberis either0 or a successor.

To show that : is one-to-one,we have to show that : �?B �J� : �?K � implies
B � K , for all

B A K �3; . We provethis by
inductionon

B
. Solet L � � B ��;NM �POQK ��; � : �?B ��� : �HK �	R B � K � D

We show that
L

is inductive. Base case: Suppose: �?> �2� : �HK � . By theabove remark,
K

is not a successor, henceK � > . Induction step: Assume
B � L . To show that

B � � L , assume: �HB � �'� : �?K � . By theremark,
K F� > , soK �TSU� for someS ��; . Then : �HB ���2� : � SV��� implies + � : �HB �C�W� + � : � SV�X� , which implies : �HB �W� : � SY� , since +

is one-to-one.By inductionhypothesis,: �?B �'� : � SV� implies
B �(S , andthus

B ����SV�
� K . This shows that
L

is
inductive,andthusthat : is one-to-one.

Problem 4.9 To show that Z\[ � Z [ , weshow eachinclusionseperately. Let] � �!^_MU- � ^ �
`#a +cb b ^�d d � ^$� D
To prove the left-to-right inclusion,we first claim that +cb b Z [ d d � Z [ . To prove this, considerany �=��+cb b Z [ d d . Then� � + � � � for some�$��Z [ . Since Z [ �

�fe?g<h : �Hi � , this implies ���$: �?i � for some
i �j; , by definitionof union. It

follows that � � + � � � ��+cb b : �Hi � d d � : �Hi ���k� Z [ . Since� wasarbitrary, this provesour first claim.

Also, notethat - � : �?> �f� Z [ �(` . Thus, Z [ is a memberof theset
]

. But Z [ �ml ] , andhenceZ [ � Z [ ,
which provesthefirst inclusion.

Beforewe prove the right-to-left inclusion,noticethat for all ^�AXn �o` , ^ � n implies +cb b ^�d d � +cb b npd d . This is
provedasin Theorem3K.

We claim that : �?B �'� Z\[ for all
B �3; . We prove this by induction:Base case: Since - � ^ holdsfor all ^q� ] ,

we have - � l ] , and thus : �?> �3� Z\[ . Induction step: Suppose: �HB �3� Z\[ . Then for all ^r� ] , onehas: �HB �s� ^ , andhence,by theabove remark, +cb b : �?B � d d � +cb b ^�d d � ^ . Sincethis holdsfor all ^t� ] , we alsohave+cb b : �HB � d d �Nl ] � Z\[ . We alreadyknow : �HB �W� Z\[ , andthus : �HB ���u� : �?B �wv +cb b : �HB � d d � Z\[ . This finishesthe
inductionstep.

Wehaveshown that : �HB �x� Z\[ for all
B � ; . This impliesthedesiredinclusion Z [ �

� e?g<h : �Hi �x� Z\[ . Sotheproof
is finished.
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Problem 4.13 Supposeto thecontrarythat therearenaturalnumbers
K A B F� > suchthat

Kzy!B � > . Then
K �NSU�

and{ B �5|I� for someS A | ��; . We calculate
K}y~B �5SU� y |I��5SU� y |V��SU� by (M2)� � SU� y |Y��SY��� by (A2),

Thus,
KmyEB

is a successor, a contradiction.

Problem 4.17 First noticethat for all
K ��; , onehas

K�y�� � K�y�> �
� Kzy�> � K � > � K � K � > � K , by
definitionof 1, (M2), (M1), commutativity of +, and(A1).

We now prove
K�� �Q�\� K3��yEK � by inductionon � . Base case: For � � > , we have

K3� ���'� K�� by (A1)� K��fy.� by theaboveremark� K � y~K � by (E1)

Induction step: Supposetheclaim holdsfor � . To show thatit holdsfor � � , we calculate

K3� ������� K*��� ���~�?� by (A2)� K�� �Q� yEK by (E2)� �HK3�fy�K �.� yEK by ind. hyp.� K���y.�?K � y~K � by associativity of multiplication� K���yEK ��� by (E2).
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