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Problem 4.2 Suppose: is atransitve set. Then|J(a®) = a C a* by Theoremd4E. This shavsthata™ is transitve.
Problem 4.3

(a) Suppose is a transitve set. To shav that Za is transitve, take ary = € y € Ha; it suficesto show that
x € Pa. Weknow z € y C a, hencex € a. Sincea is transitve, thisimpliesz C a, thusz € a, asdesired.

(b) SupposeZa is atransitive set. To show thata is transitve, take any y € a. It sufficesto shav thaty C a. We
know that{y} C a, hence{y} € Za. SinceFq is transitive, thisimplies {y} C Pa, hencey € Ha, thus
y C a, asdesired.

Problem 4.4 Supposéhata is atransitve set. To shaw that| J a is transitive, takearny y € |J a. It will sufiiceto shav
thaty C |Ja. We know thaty € z € a for somez, by definitionof union. Thusy € a by transitvity of a, which
impliesy C |J a, asdesired.

Problem 4.6 Supposé J(a*) = a. To provethata is transitve, obsenethata C a*, hencel Ja C |J(a™) = a by
Problem2.4. This showvs a is transitive.

Problem 4.8 Assumef : A — A isone-to-onendc € A —ran f. Defineh : w — A by recursion:

h(0) =¢,
h(n*) = f(h(n)).

Remark:Firstobserethath(n*) # h(0) for all n € w, sinceh(n™) isin therangeof f, whereash(0) is not. Also
recallfrom Theorem4C thatevery naturalnumberis eitherQ or asuccessor

To shaw thath is one-to-onewe have to show thath(n) = h(m) impliesn = m, for all n,m € w. We prove this by
inductiononn. Solet
T={n€ew| (¥Ymew)h(n) =h(m)=n=m}.

We show thatT is inductive. Base case: Supposéi(0) = h(m). By theabove remark,m is nota successgihence
m = 0. Induction step: Assumen € T'. To shaw thatn™ € T, assuméi(nt) = h(m). By theremark,m # 0, so
m = k¥ for somek € w. Thenh(nt) = h(k*) implies f(h(n)) = f(h(k)), whichimpliesh(n) = h(k), sincef
is one-to-one By inductionhypothesish(n) = h(k) impliesn = k, andthusn™ = k* = m. ThisshavsthatT is
inductive,andthusthath is one-to-one.

Problem 4.9 To show thatC* = C., we showv eachinclusionseperatelyLet
B={X|ACXCBAS[IX]CX}

To prove the left-to-right inclusion, we first claim that f/[C] C C.. To prove this, considerary y € f[C.]. Then
y = f(x) for somez € C,. SinceC, = |J;, h(i), thisimpliesz € h(i) for somei € w, by definitionof union. It
followsthaty = f(z) € f[h(i)] C h(i™) C C.. Sincey wasarbitrary, this provesour first claim.

Also, notethat A = h(0) C C. C B. Thus,C, is amemberof theset#. But C* = (| %4, andhenceC* C C.,
which provesthefirst inclusion.

Beforewe prove the right-to-leftinclusion, noticethatfor all X,Y C B, X C Y implies f[X] C f[Y]. Thisis
provedasin Theorem3K.

We claimthath(n) C C* for all n € w. We prove this by induction: Base case: SinceA C X holdsfor all X € 4,
we hare A C (&, andthush(0) C C*. Induction step: Supposei(n) C C*. Thenfor all X € 4%, onehas
h(n) C X, andhenceby theaboveremark, f[h(n)] C f[X] C X. Sincethis holdsfor all X € £, we alsohave
flh(n)] € N % = C*. We alreadyknow h(n) C C*, andthush(n*) = h(n) U f[h(n)] C C*. Thisfinishesthe
inductionstep.

We have shavn thath(n) C C* for all n € w. ThisimpliesthedesirednclusionCi = |J;.,, h(i) C C*. Sotheproof
is finished.



Problem 4.13 Supposeo the contrarythattherearenaturalnumbersn, n # 0 suchthatm - n = 0. Thenm = k*
andn = [+ for somek,l € w. We calculate

m-n=kt. [t
— k- l+kt  by(M2)
— (kT -1+ k)* by (A2),

Thus,m - n is asuccessgiacontradiction.

Problem 4.17 Firstnoticethatfor all m € w,onehasm -1=m -0t =m-0+m=04+m =m +0 = m, by
definitionof 1, (M2), (M1), commutatvity of +, and(Al).

We now provem™? = m™ - m? by inductionon p. Base case: For p = 0, we have

m™t0 =m» by (A1)
=m"-1 by theabove remark
=m™-m® by(E1)

Induction step: Supposeheclaim holdsfor p. To shawv thatit holdsfor p*, we calculate

mr P = prtp)* by (A2)
=m"tP.m by (E2)
= (m"™-mP)-m byind. hyp.
=m" - (m? -m) by associatiity of multiplication
=m"-mP" by (E2).



