MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto Problem Set 7

Problem from Class. Usingthereplacemenaxiom,give analternatve proofthatA x B = {{a,b) | a € AAb € B}
is aset,for setsA andB.

Thetrick is thatwe mustapplythereplacemenaxiomin eachcomponenseparatelyFirst, for eachb € B, we apply
thereplacemenaxiomto thesetA andtheformula¢(z,y) = (y = (=, b)) to obtaintheset4, = {{a,b) | a € A}.
Then,we canapply the replacemengaxiom again, this time to the set B andthe formulay(z,y) = (y = A;), to
obtainthesetC' = {4, | b € B}. Thenz € | C if andonly if for someb € B, = € A, if andonly if for someb € B
andsomeg € A, x = {a,b). Thus,|JC = A x B isthedesiredproduct.

Problem 7.4 First, noticethatthe definitionof R is equivalentto
mRn < ¢(m) < ¢(n),

where¢ : P — P x P isthefunction¢(n) = (f(n),n), and<y, is thelexicographicorderon P x P. Noticethat¢
is one-to-one.

We prove that R is a well-orderby shawving two things: (a) <r. is awell-orderon P x P, and(b) well-ordersare
reflectedby one-to-onefunctions. The last statemenmeansthatif (W, <) is awell-orderand¢ : B — W isa
one-to-ondunction,thentherelationR thatis definedon B by xRy <= ¢(x) < ¢(y) is awell-orderon B.

Clearly, from thesetwo statement# followsthat R is awell-order

(a) We know from Problem3.45thatthe lexicographicorder <y, is alinearorderon P x P. To shav that <y, is
awell-order, take any non-emptysubsetd of P x P. Let Ay = {m € P | In.(m,n) € A}. ThenA, is non-
empty thusit hasa leastelementmny, by thewell-orderpropertyof P. Now let 4; = {n € P | (mg,n) € A}.
ThenA; is non-emptythusit hasa leastelementng. We claim that(m, n) is theleastelementof (A, <p.).
Clearly, by construction{mg, n¢) € A. Considerary other{m,n) € A. Thenm € Ay, andthusmg < m by
leastnes®f my. Therearetwo caseseithermy < m, in which case(mg,no) <r (m,n) by definitionof the
lexicographicorder Or else,my = m. In thelattercasewe haven € A;, andby theleastnessf ny, it follows
thatng < n. Again, by thedefinitionof thelexicographicorder, thisimplies (mq,no) <z {m,n), shaving that
(mg,no) istheleastelementbf A. Thus,<y, is awell-orderon P x P.

(b) SupposgW, <) is awell-orderand¢ : B — W is a one-to-onefunction. Define a relation R on B by
zRy < ¢(z) < ¢(y). Oneeasilyseeghatthis relationis irreflexive, transitve, andconnectedthusit is a
linearorder Now if A is anon-emptysubsebf B, then¢[A] is a non-emptysubsebf W, thusit hasa least
elementp(x). Thismeanghatforally € A, ¢(x) < ¢(y), hencerRy. Thus,z is aleastelemenibf A, shaving
that R is awell-ordet

Theclaimfollows. Actually, thewell-order R resembleshatshowvn in Fig. 45(d).

Problem 7.5 Supposer < f(x) doesnothold for all z € A; thenthereis aleastz € A suchthat f(z) < z. By
hypothesisthisimplies f(f(z)) < f(x), i.e. f(y) < y, wherey = f(z). Buty < z, contradictingtheleastnessf x.

Problem 7.7 Let C beafixedset,andlet y(z,y) betheformula

y:CUUUra.na:.

Clearly, for every setz, thereexists a uniquey with v(z,y). Thus,we canapply transfiniterecursionto obtaina
function F" with domainw, suchthatfor all n € w, v(F[segn, F(n)), whichis to say
F(n) = CulUran(F[segn)
= CUUU F[segn].
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OurbestguesssthatF(n) = CuJCu...ulJ"C.
(b) Supposer € F(n). Then

a C UFn) by Problem2.3
= UWFn)}
C CUUUF[segn™] becausdF(n)} C F[segnt]
= F(n').

(c) LetC =ranF = J,,,, F(n). ThenC = F(0) C C, andC istransitive: if a € C, thena € F(n) for some
n € w, andthusa C F(n™) by (b), whichimpliesa C C.

Moreover, onecanshaw thatC'is actuallythe smallest transitive setcontainingC'. To prove this, onefirst provesthat
if C is alreadya transitive set,thenF(n) = C, for all n, andthusC = C. Onecanprove this claim by transfinite
inductiononn: for theinductionhypothesisassumehat F'(x) = C hasalreadybeenshavn for all z € segn. Then
F[segn] C {C}, andequalityholdsif andonly if n # 0. Wehave F(n) = CU[J F[segn] C CUUU{C} =
CuUlJC = C. Thelaststepfollows because& is transitve. Onthe otherhand,clearlyC C F(n), henceC = F(n)
asdesired.

Next, oneprovesthatC C D impliesC' C D; this is againshawn by transfiniteinduction.Now it follows thatif C' is
ary set,andD is atransitve setcontainingC, thenC C D = D. HenceC'is containedn ary transitve setcontaining
C, asdesired.For thisreason( is calledthetransitive closure of C'.

Problem 7.8 Let ¢(z) beary formulanot containingthe variable B. (¢(x) may containsomeothervariables).We
wantto prove the subsetixiom
VAIBVz(x € B < z € AN ¢(z))

from the otheraxioms. Considerthe formulay(z,y) = (z = y A ¢(y)). Clearly, ¥(z,y:) and(z,y2) implies
11 = y2 = z, andwe canapplythereplacemenaxiomscheméo ¢ to obtaina setB suchthatfor all y, y € B if and
only if thereexistsz € A suchthatiy(z,y). By definitionof 1), we thushavey € B if andonly if y € A and¢(y),
andthusB is the setthatthe subsetxiomrequires.

Problem 7.9 First, usetheemptysetaxiomandtwice the power setaxiomto gettheset#2 20 = {0, {0} }. Thisset
haspreciselytwo elements.Givenary setsu andv, we canconstructthe pair set{u, v} by the replacemenéxiom:
Lety(z,y) betheformula

(@=0Ay=u)V(={0}Ay=0)

Clearly, for eachx thereexistsatmostoney suchthat«(x, y), soby replacementhereexistsasetB suchthaty € B
if andonly if ¥ (x,y) for somez € {@, {0}},if andonlyif y € {u,v}.



