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Answers to Problem Set 7

Problem from Class. Usingthereplacementaxiom,giveanalternativeproof that
���������
	���
����������������������

is a set,for sets
�

and
�

.

Thetrick is thatwe mustapplythereplacementaxiomin eachcomponentseparately. First, for each
�����

, we apply
thereplacementaxiomto theset

�
andtheformula  "!$# 
&%('*) ! %��+	 # 
,���&' to obtaintheset

��-.�/�0	1��
����2�0�3�4�5�
.

Then,we canapply the replacementaxiom again,this time to the set
�

andthe formula 6�!$# 
&%('7) ! %8�9�.:
'
, to

obtaintheset ; �<�=�>-*�?�.����� . Then # ��@ ; if andonly if for some
�>���

, # ���>- , if andonly if for some
�.���

andsome
�����

, # �A	1��
��B� . Thus,
@ ; �C����� is thedesiredproduct.

Problem 7.4 First,noticethatthedefinitionof D is equivalentto

E D�F9GIH  J! E 'LK*M  "!$F '�

where  4N
OQPRO � O is thefunction  "!$F 'S�A	UT !$F '�
 F � , and

K M
is thelexicographicorderon O � O . Noticethat  

is one-to-one.

We prove that D is a well-orderby showing two things: (a)
K M

is a well-orderon O � O , and(b) well-ordersare
reflectedby one-to-onefunctions. The last statementmeansthat if

	�VW
XK.�
is a well-orderand  �N � P V

is a
one-to-onefunction,thentherelation D thatis definedon

�
by #YD % GIH  "!$# '�K  "! %Z' is a well-orderon

�
.

Clearly, from thesetwo statementsit followsthat D is a well-order.

(a) We know from Problem3.45that the lexicographicorder
K*M

is a linearorderon O � O . To show that
K*M

is
a well-order, take any non-emptysubset

�
of O � O . Let

�*[���� E � O �Z\ F^] 	 E 
 F �>�_�5� . Then
�*[

is non-
empty, thusit hasa leastelementE [ , by thewell-orderpropertyof O . Now let

�2`.�Q� F � O �(	 E [

 F �����5� .
Then

�2`
is non-empty, thusit hasa leastelementF [ . We claim that

	 E [a
 F [b� is the leastelementof
	��c
BK*Md�

.
Clearly, by construction,

	 E [?
 F [b�>�4� . Considerany other
	 E 
 F �>�4� . Then E �_�*[

, andthus E [Ie E by
leastnessof E [ . Therearetwo cases:either E [ K E , in which case

	 E [ 
 F [ ��K M 	 E 
 F � by definitionof the
lexicographicorder. Or else,E [ � E . In thelattercase,wehave F ��� ` , andby theleastnessof F [ , it follows
that F [ e F . Again,by thedefinitionof thelexicographicorder, this implies

	 E [ 
 F [ ��e M 	 E 
 F � , showing that	 E [ 
 F [ � is theleastelementof
�

. Thus,
K M

is a well-orderon O � O .

(b) Suppose
	UVW
BK.�

is a well-order and  +N � P V
is a one-to-onefunction. Define a relation D on

�
by#YD % GIH  "!$# '�K  "! %(' . Oneeasilyseesthat this relationis irreflexive, transitive,andconnected:thusit is a

linearorder. Now if
�

is a non-emptysubsetof
�

, then  "f f �*g g is a non-emptysubsetof
V

, thusit hasa least
element "!$# ' . Thismeansthatfor all

%h���
,  J!1# '*e  "! %(' , hence#YD % . Thus,# is a leastelementof

�
, showing

that D is a well-order.

Theclaim follows. Actually, thewell-order D resemblesthatshown in Fig. 45(d).

Problem 7.5 Suppose# e�T !$# ' doesnot hold for all # �8� ; thenthereis a least # �8� suchthat
T !1# '�K # . By

hypothesis,this implies
T ! T !$# '&'�KiT !$# ' , i.e.

T ! %('SK�% , where
%j�CT !1# ' . But

%�K # , contradictingtheleastnessof # .

Problem 7.7 Let ; bea fixedset,andlet k^!$# 
&%(' betheformula

%7� ;ml�nonqp,rts�#u]
Clearly, for every set # , thereexists a unique

%
with k^!$# 
v%(' . Thus,we canapply transfiniterecursionto obtaina

function w with domainx , suchthatfor all F � x , k^!1w3yBz&{X|}F 
 wj!1F '&' , which is to say,

wj!1F '~� ;ml @8@ p,rtsd!1w3yXzv{B|}F '� ;ml @8@ wjf f zv{B|�F g g ]
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(a)

wj!1� '�� ;ml @�@8�c� ;wj!�� '�� ;ml @�@�� wj!�� '��.� ;ml @ ;wj!�� '�� ;ml @�@�� wj!�� '�
 wj!�� ',�>� ;ml @ !�;ml @ ; '� ;ml @ ;ml @8@ ; (by Problem2.21)

Ourbestguessis that wj!$F '}� ;8l @ ;ml3]X]B]Xl @�� ; .

(b) Suppose
��� wj!$F ' . Then� � @ wj!$F ' by Problem2.3� @�@j� wj!$F '��� ;�l @�@ wjf f zv{B|�Fd� g g because

� wj!1F ',�5� wjf f zv{B|}Fd� g g� wj!$Fd� ' ]
(c) Let �; � @ p�r?sLw � @ �0�t� wj!1F ' . Then ; � wj!�� '�� �; , and �; is transitive: if

��� �; , then
�h� wj!1F ' for someF � x , andthus

��� wj!$F � ' by (b), which implies
��� �; .

Moreover, onecanshow that �; is actuallythesmallest transitivesetcontaining; . To provethis,onefirst provesthat
if ; is alreadya transitive set,then wj!1F '5� ; , for all F , andthus �; � ; . Onecanprove this claim by transfinite
inductionon F : for theinductionhypothesis,assumethat wj!1# '�� ; hasalreadybeenshown for all # � z&{X|}F . Thenwjf f zv{B|�F g g*�A� ; � , andequalityholdsif andonly if FC�� � . We have wj!1F '*� ;il @�@ wjf f zv{B|}F g g*� ;il @8@ � ; ���;ml @ ; � ; . Thelaststepfollowsbecause; is transitive. On theotherhand,clearly ; � wj!1F ' , hence; � wj!1F '
asdesired.

Next, oneprovesthat ; �m� implies �; � �� ; this is againshown by transfiniteinduction.Now it follows thatif ; is
any set,and

�
is atransitivesetcontaining; , then �; � ��+��� . Hence �; is containedin any transitivesetcontaining; , asdesired.For this reason, �; is calledthetransitive closure of ; .

Problem 7.8 Let  "!1# ' beany formulanot containingthevariable
�

. (  J!1# ' maycontainsomeothervariables).We
wantto provethesubsetaxiom � �>\Z� � #"!$# ��� GIH # �����  "!$# 'v'
from the otheraxioms. Considerthe formula 6>!$# 
&%('�) !1# �9%j�  J! %('&' . Clearly, 6�!$# 
&%
`X' and 6>!$# 
&%?�=' implies%
`L��%?�.� # , andwecanapplythereplacementaxiomschemato 6 to obtaina set

�
suchthatfor all

%
,
%����

if and
only if thereexists # �W� suchthat 6>!$# 
&%(' . By definitionof 6 , we thushave

%4�_�
if andonly if

%3�W�
and  "! %Z' ,

andthus
�

is thesetthatthesubsetaxiomrequires.

Problem 7.9 First,usetheemptysetaxiomandtwice thepowersetaxiomto gettheset �Q� �c�Q�=�(
����0�?� . This set
haspreciselytwo elements.Givenany sets� and � , we canconstructthepair set

� � 
 � � by thereplacementaxiom:
Let 6�!$# 
v%(' betheformula !$# ���L�h%I� � '�� !$# �����0����%j� � ' ]
Clearly, for each# thereexistsatmostone

%
suchthat 6>!1# 
&%(' , soby replacement,thereexistsaset

�
suchthat

%����
if andonly if 6�!$# 
&%(' for some# �_�=�(
����0�?� , if andonly if

%��4� � 
 � � .

2


