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Answersto Problem Set 8

Problem 7.11 (a)Let <’ bethefollowing orderingon theintegersZ:
o< 1<2< < —1< —2< -3<" ...

Clearly, thisis alinearordering. To seethatit is a well-ordering,considerary non-emptysubsebf Z. Casel: If A
containssomenon-ngative number thenthesetB = {n € w | n € A} is non-emptyandhasa leastelementng
by the well-orderingpropertyof w (for cornveniencewe regardw asa subsetf Z). Thenfor ary z € A, eitherz
is non-n@ative andthusin B, in which caseng <' x by leastnes®f ng, or elsex is negative, andthusny <’ z by
definitionof <’. Sony is leastin A.

Case2: If A containsonly negative numbersthenlet B’ = {m € w | —m € A}. ThesetB’ is non-emptyandthus
hasaleastelementng by thewell-orderingpropertyof w. Thenfor ary x € A, wehavex = —m for somem € B’,
andthusmg < m, whichimplies—mg <' —m = z by definitionof <'. It followsthat—my, isleastin A. In ary case,
A hasaleastelementandthus<’ is awell-order

(b) OnehasE(3) = 3, E(—1) =w, andE(-2) = wt.

Problem 7.14 We usethe non-strictversionof the definition of a partial order: First, noticethatif a < b, thenfor

alz € A,wehavez € F(a) = z < a = z < b= z € F(b) by transitvity, andthusF(a) C F(b). Corversely

assumehat F'(a) C F(b), for a,b € A. Sincea € F(a), we have a € F(b), andthusa < b, by definition of F.

Sofora,b € A, wehavea < biff F(a) C F(b). It remainsto be shavn that F' is one-to-oneandonto. So suppose
that F(a) = F(b), thenF(a) C F(b) andF(b) C F(a), thusa < b andb < a by whatwe have just shavn, and
thusa = b by antisymmetry So F' is one-to-one Also, F' is clearlyonto S sinceS = ran F'. It followsthat F' is an

isomorphisnfrom (4, <) onto(S, C).

Problem 7.16 Recallthatfor ary setsz € yt iff z € y. Thisfollowsimmediatelyfrom thedefinitionof y*+ = yU{y}.
Assumea andg areordinalnumberswith o € 8. Theng € a by trichotomy, andthusg ¢ ot by the abose remark.
But o™ is anordinal by Lemmal2(2), so by trichotomyagain,it follows thata™ € (. Thisimplies, againby the
aboveremark,a™ € gt. Finally, if a # 3, thena € 3 or 3 € a by trichotomy In thefirst casea™ € 8+, andin the
seconccase 3t € a™. In eithercasep™ # S+.

If we usethe regularity axiom,thenwe canprove thatfor any two setsz andy (not necessarilyordinals),if = # y
thenz™ # y*. Supposeo thecontrarythatz™ = y*. Thenz € z+ =y andy € y* = zT. Soby ourfirst remark,
x € yandy € z. Butz # y, andthusz € y andy € x, contradictingregularity.

Problem 7.17 Wefirst shawv thefollowing claim: If «, 8 areordinals,andif thereexistsaone-to-oneprderpreserving
mapf : 8 — a, theng € a. Proof: We first prove, asin Problem7.5,thatfor all z € 38, z € f(z). For otherwise
therewould bealeastz € § suchthatz & f(z). Butz € o and f(z) € (3 areordinals,soby trichotomy, f(z) € =.
Sincef is orderpreservingwe have f(f(z)) € f(z), contradictingtheleastnessf z. This shavsthatfor all z € g,
x € f(z) € a, andthus,by transitvity of a, x € «. In particular it followsthat3 C «, andby Corollary8, 8 € «.

Now Problem7.17follows easily:Let E4 : A - aandEg : B — (8 betherespectie isomorphismgrom (A, <)
and(B, <) ontotheir e-images.ThenE4 o Eg ! : § — a is one-to-oneandorderpreservingandthusg € a by
ourfirst claim.

Problem 7.18 Recallfrom Lemmal2(3)thatif S is a setof ordinals,then|J .S is anordinal. We distinguishtwo
casesCasel: |JS € S. Inthiscasefor ary o € S, wehavea C |J S (by definitionof union),andthusa € | J S (by
Corollary8). It followsthat| J S is thegreateselementof S.

Case2: |J S ¢ S. We claimthat S hasno greateselementin this case Assumejo the contrary thata wasa greatest
elementof S. Thenfor ary = € o, wewouldhave z € |J S by definition of union. Corverselyfor ary z € |J S, we
wouldhavez € y € S for somey € S, buty € «, andthusz € « by transitvity of a. It followsthata = | S,
contradictingJ S ¢ S. Thus,S hasno greatestelement.

We furtherclaimthatin Case2, | J S is notthe successoof anothemrdinal. Supposeto the contrary that| J S = 8.
Theng € |J S, andthus3 € a € S for someordinal a, hencel JS = 8+ € a. Ontheotherhand,sincea € S,
we have o C |J S by definitionof union,andhencea € |J S, sincelJ S is anordinal. It followsthat|JS = a € S,
contradictind J S ¢ S. Therefore| J S is notthe successoof anordinal.



