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Answers to Problem Set 8

Problem 7.11 (a)Let ��� bethefollowing orderingon theintegers� :
� � ��� � ��� � �
	�	�	 � �
�� � �
�� � �
�� � �
	�	�	

Clearly, this is a linearordering.To seethat it is a well-ordering,considerany non-emptysubsetof � . Case1: If �
containssomenon-negative number, thenthe set �������������
��� �"! is non-emptyandhasa leastelement�
#
by the well-orderingpropertyof � (for convenience,we regard � asa subsetof � ). Thenfor any $%�&� , either $
is non-negativeandthusin � , in which case�
#(' � $ by leastnessof �
# , or else $ is negative,andthus �
# ��� $ by
definitionof ��� . So �
# is leastin � .

Case2: If � containsonly negativenumbers,thenlet � � �)��*+�,���  *-�.��! . Theset � � is non-empty, andthus
hasa leastelement*/# by thewell-orderingpropertyof � . Thenfor any $,�,� , we have $0�  * for some*1�,� � ,
andthus *2#"'3* , which implies

 *2#4' �  *5�6$ by definitionof ��� . It followsthat
 */# is leastin � . In any case,

� hasa leastelement,andthus � � is a well-order.

(b) Onehas7(8 �:9 � � , 7(8 ��;9 � � , and 7(8 ��<9 �6�>= .

Problem 7.14 We usethe non-strictversionof the definition of a partial order: First, noticethat if ?@')A , thenfor
all $@�@� , we have $B�DCE8F? 9�G $B'�? G $B'HA G $B�DCE8IA 9 by transitivity, andthus CE8I? 9�J CE8KA 9 . Conversely,
assumethat CE8I? 9LJ CE8IA 9 , for ?NMOAP� � . Since ?3� CE8I? 9 , we have ?@�6CE8IA 9 , andthus ?B'QA , by definition of C .
Sofor ?NMOAR�S� , we have ?0'TA if f CE8I? 9UJ CE8IA 9 . It remainsto beshown that C is one-to-oneandonto. Sosuppose
that CE8F? 9 �VCE8IA 9 , then CE8I? 9LJ CE8IA 9 and CE8KA 9LJ CE8I? 9 , thus ?3'QA and A/'Q? by what we have just shown, and
thus ?/�WA by antisymmetry. So C is one-to-one.Also, C is clearlyonto X since X �TYOZ\[]C . It follows that C is an
isomorphismfrom ^I�"M�'�_ onto ^IX`M J _ .
Problem 7.16 Recallthatfor any sets,$,�2ab= if f $ � a . Thisfollowsimmediatelyfromthedefinitionof ab=D�&a�cd��aN! .
Assumee and f areordinalnumberswith e��gf . Then f&h� e by trichotomy, andthus f6h�0ei= by theaboveremark.
But ei= is an ordinal by Lemma12(2), so by trichotomyagain,it follows that ei= � f . This implies, againby the
aboveremark,e = �gf = . Finally, if e6h�&f , then eB�2f or f@�2e by trichotomy. In thefirst case,e = �2f = , andin the
secondcase,fj=��0ek= . In eithercase,ek=%h�&fk= .

If we usethe regularity axiom, thenwe canprove that for any two sets$ and a (not necessarilyordinals),if $�h�Qa
then $l=%h�&ab= . Supposeto thecontrarythat $l=@�man= . Then $0�2$l=B�&ab= and a/�/ab=@�&$N= . Soby ourfirst remark,
$ � a and a � $ . But $Dh�&a , andthus $0�ga and a/�/$ , contradictingregularity.

Problem 7.17 Wefirst show thefollowingclaim: If e , f areordinals,andif thereexistsaone-to-one,order-preserving
map o�plf�qre , then f � e . Proof: We first prove,asin Problem7.5, that for all $��Df , $ � o`8F$ 9 . For otherwise
therewould bea least $D�,f suchthat $�h� o`8s$ 9 . But $D�.e and o`8s$ 9 �,f areordinals,soby trichotomy, o`8s$ 9 �,$ .
Since o is order-preserving,we have o`8Ko`8s$ 9t9 �,o`8F$ 9 , contradictingtheleastnessof $ . This shows thatfor all $S�0f ,
$ � o`8s$ 9 �2e , andthus,by transitivity of e , $0�ge . In particular, it followsthat f J e , andby Corollary8, f � e .

Now Problem7.17follows easily: Let 7�u�pl�Qqve and 7�wxpl�Vqyf betherespective isomorphismsfrom ^I�"M � _
and ^F�PM � _ onto their � -images.Then 7 u.z 7 w|{�} p~f�qye is one-to-oneandorder-preserving,andthus f � e by
ourfirst claim.

Problem 7.18 Recall from Lemma12(3) that if X is a setof ordinals,then �3X is an ordinal. We distinguishtwo
cases.Case1: � X��gX . In thiscase,for any e@�,X , wehave e J � X (by definitionof union),andthus e � � X (by
Corollary8). It follows that �3X is thegreatestelementof X .

Case2: � X%h�0X . We claim that X hasnogreatestelementin this case.Assume,to thecontrary, that e wasa greatest
elementof X . Thenfor any $S�,e , we would have $�����X by definitionof union. Conversely, for any $S�S��X , we
would have $6��aB� X for someaB�6X , but a � e , andthus $6��e by transitivity of e . It follows that e%� � X ,
contradicting� X%h�0X . Thus, X hasnogreatestelement.

We furtherclaim thatin Case2, � X is not thesuccessorof anotherordinal.Suppose,to thecontrary, that � X@�mfj= .
Then f�� � X , andthus f���ex� X for someordinal e , hence� X���fk= � e . On the otherhand,since eT�&X ,
we have e J � X by definitionof union,andhencee � � X , since � X is anordinal. It follows that � X��He��DX ,
contradicting� X%h�0X . Therefore,� X is not thesuccessorof anordinal.
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