MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
Answersto the Final Exam

Problem 1 For oneimplication,assumed C & B. Thenby Problem1.4,|J A C |J &# B, andby Problem2.6(a),
U ZB = B, thus|J A C B. Forthecorverseassumd J A C B. Weshavedin classthatX C Y = #X C £Y,
andthusZ | A C #B. By Problem2.6(b),A C & |J A, andthusA C &#B.

Problem 2 Firstsupposef is one-to-oneandlet X, Y C A. Weknow that f[X N Y] C f[X] n f[Y] by Theorem
3K(b). For the corverseinclusion,supposez € f[X] N f[Y]. Thenz = f(z) for somez € X andz = f(y)
for somey € Y. Butsincef is one-to-onexz = y, andthusz € X NY andz € f[X NnY]. It follows that
fIXNY] = fIXI N fIY]-

Corversely supposehatforall X, Y C A, f[XNY] = f[X] N f[Y]. Toshaw that f is one-to-oneassumef(z) =
fly)forz #y € A. LetX = {2} andY = {y}. Thenf[X] N f[Y] = {f(x)}, whereasf[X N Y] = f[0] =0, a
contradiction.Thus, f is one-to-one.

Problem 3 SupposeR and R~! arebothwell-orderingson somesetS. Let a bethe ordinalnumberof (S, R). If
S is infinite, thena ¢ w, hencew € « by trichotomy hencew C «. Thereforea, andthus (S, R), hasaninfinite
increasingchain. But this amountsto an infinite decreasinghainin (S, R~!), contradictingthe factthat R~ is a
well-orderon S.

Problem 4 Recallthatanordinalis atransitive setof transitive sets.If A is anon-emptysetof ordinals,then() 4 is

transitve, andsoareits elementsSo( A is anordinal. If B is ary setof ordinals,then|J B is transitve, andsoare
its elementssol J B is anordinal. Sotheanswetto thefirst two questionss yes.However, theset-theoretidifference
of two ordinalsis notusuallyanordinal: For instance2 — 1 = {0, {0} } — {0} = {{0}}, whichis notanordinal.

Problem 5 Let .« bethesetof antichainsn P. We claimthat.«/ is closedunderunionsof chains:Considerary chain
¢ C o. We mustshaw that|J € is anantichain.Soconsiderary z,y € |J%. Thenz € Cy andy € C, for some
C:1,Cy € €. Since¥ is achain,we have Cy,C> C C; for somei € {1,2}. Soz,y € C;. But C; is anantichain,
andthusz £ y. Sincez,y € |J % werearbitrary it followsthat| J % is anantichain,andthus|J% € «. Thus, &
is closedunderunionsof chainsandhasa maximalelementiy Zorn’slemma.This elements a maximalantichainin
P.

Problem 6 Recallthatcard R = 2% andcard w = Ro. Thuswe have

card(“R) = (2%0)%o = %o Ro — 9% — card R.

Problem 7 Let S beasetof cardinals.We know that| .S is anordinal by Problem4b. It remainsto be showvn that
U S isacardinal,i.e, thatforall g € |JS, 8 % |JS. Sotake 8 € |JS. By definitionof union, thereis x € S with
B € k. Becauses, k, and|J S areall ordinals,wehave 3 C x C |J S, andthusg < k < JS. If 8 = |JS, thenwe
would have § = k by the SchibderBernsteinTheorem but this cant be since € k andk is a cardinal. It follows
thats # |J S, asdesired.Thus,| J S is notequinumerouso ary smallerordinal,andhenceit is acardinal.

Problem 8 An ordinalis, by definition,atransitive setof transitive sets.We alsoknow thatordinalsarewell-ordered
by €, andthusin particularthey are e-connectedSotheleft-to-rightimplicationis trivial.

Corverselylet A beatransitve setthatis €-connectedTo shaw that A is anordinal,we mustshov thateachz € A

is transitve. Soconsiderz € y € x. By transitvity of A, wehavey € A, andthenz € A. Since,by regularity, z # z,

wehavez € z or z € z by €-connectednes®8But z € z isimpossiblelestz € z € y € z, which would contradict
regularity. Thereforethe only possibilityis z € z. Thisshovsthatz is transitive, asdesired.



