MATH 582, INTRODUCTION TO SET THEORY, WINTER 1999
AnswerstotheFirst Midterm

Problem 1 To prove the left-to-right implication,assumehat f : A — B is onto,andsuppose,h : B — X are
functionssuchthatg o f = h o f. We haveto shav thatg = h. Soconsiderary b € B. Sincef is onto,thereexists
somea € A with f(a) = b. Thereforeg(b) = g(f(a)) = h(f(a)) = h(b). Sinceb wasarbitrary thisimpliesg = h.

To prove the otherimplication, assumehat f : A — B is notonto. It suficesto find a set X andtwo functions
g,h: B — X suchthatgo f = ho f, butg # h. Sincef is notonto,thereis someb € B thatis notin therangeof
f.LetX ={0,1}, anddefineg,h : B — X by

(2)

g forall z € B,
f(=)

0,
0, forz # b,
1, forxz =b.
h(f

(a)) = 0, whichimpliesg o f = ho f. Ontheotherhand,

Thenfor all a € A, f(a) # bandthusg(f(a)) =
g(b) = 0 #1 = h(b), thusg # h.

Problem 2

(@) Therequirementf(n*) = nt - f(n) is notof theform f(n*) = F(f(n)), becaus¢heright-hand-sidenotonly
depend®n f(n), butalsoonn. Thus,therecursiontheoremasstated doesnotdirectly apply here.

(b) Defineafunction F : w x w = w x w by F({n,k)) = (nt,n* - k). Thenby the RecursioriTheorem there
existsa uniquefunctionh : w — w x w suchthat

h(0) = (0,1),
h(nt) = F(h(n)).

Now leti : w - wand f : w — w betheuniquefunctionssuchthat(i(n), f(n)) = h(n) foralln € w. We
claimthati(n) = n for all n, andthat f is a factorialfunction. Thisis provedby inductiononn. For thebase
casewe calculate(i(0), f(0)) = h(0) = (0, 1), thusi(0) = 0 andf(0) = 1. Fortheinductionstep,assumehat
i(n) = n. Then(i(n*), f(n™)) = h(n™) = F(h(n)) = F((n, f(n))) = (n*,n" - f(n)), thusi(n™) = n*
andf(n*) =n* - f(n).

(c) Assumethat f and f' arefactorialfunctions. We prove by inductiononn that f(n) = f'(n) foralln € w.
Thebasecase:f(0) = 1 = f'(0). Theinductionstep: f(n) = f'(n) impliesn™ - f(n) = n* - f'(n) implies
f(nF) = f'(n").

Problem 3 Theaxiomsof Union, Power Set,andInfinity fail; all theothersaretruein this “universe”.

Problem 4 Refleivity: Forall z € A, xRz, andthusz(R U Q)z. SymmetrySuppose:(R U Q)y. Theneitherz Ry
or zQy. In thefirst casey Rz by symmetryof R; in thesecondcase yQz by symmetryof Q. In ary casey(RU Q)z.
Transitivity: Supposer(R U Q)y andy(R U Q)z. It sufficesto shav thatxRz or zQz. If xRy andyRz, thenthis
follows by transitvity of R, andsimilarly if zQy andy@z. Thus,without loss of generality we may assumehat
xRy andyQz (the symmetriccasewherezQy andyRz is handledsimilarly). By hypothesiswe know that either
[Wlr C [yl or[ylo C [y]r- Inthefirstcasesincez € [y]r C [y]g. we have zQy, andwith yQz, thisimplieszQz
by transitvity of ). In theseconctasesincez € [y]g C [y]r, WwehaveyRz, andthusz Rz by transitvity of R. In all
caseswe have provedz(R U Q)z, andthustransitiity of R U @ follows.



