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Answers to the First Midterm

Problem 1 To prove the left-to-right implication,assumethat
���������

is onto,andsuppose	�
� �������
are

functionssuchthat 	�� ��� ��� �
. We have to show that 	 � � . Soconsiderany ��� �

. Since
�

is onto,thereexists
some��� �

with
��� ��� � � . Therefore,	 � � � � 	 �!��� �"�#� � � �!��� ���$� � � � �%� . Since � wasarbitrary, this implies 	 � � .

To prove the other implication, assumethat
�&�'�(�)�

is not onto. It sufficesto find a set
�

andtwo functions	*
+� �"�,�-�
suchthat 	�� �.� ��� �

, but 	�/� � . Since
�

is not onto,thereis some�0� �
thatis not in therangeof�

. Let
�1�&243 
6587 , anddefine	*
+� �9�:�;�

by

	 �=< � �>3 
 for all
< � �

,���?< � �,@ 3 
 for
< /� � ,59
 for
<A� � .

Thenfor all �B� �
,
��� �"�C/� � andthus 	 �!��� ���#� � � �!��� �"�#� �,3

, which implies 	D� �E� �F� �
. On theotherhand,	 � �%� �>3 /� 5 � � � �%� , thus 	./� � .

Problem 2

(a) Therequirement
���=G�H � �IG�HKJ#���?G � is notof theform

���?G�H � �MLN�!���=G �$� , becausetheright-hand-sidenotonly
dependson

���?G � , but alsoon
G

. Thus,therecursiontheorem,asstated,doesnotdirectly applyhere.

(b) Definea function
L(�POMQROS�TOMQUO

by
LN�$V=G 
+WYX#� �ZV?G�H 
 G�H[J WYX . Thenby theRecursionTheorem,there

existsa uniquefunction � �\O]�^O�QKO
suchthat

� �=3 � �_V!3 
654X`
� �?G�H � �aLN� � �?G �#�`b
Now let c �dOM�eO

and
�E�POf�TO

betheuniquefunctionssuchthat
V c �=G �`
 ���=G �$X � � �?G � for all

G � O
. We

claim that c �=G � �&G
for all

G
, andthat

�
is a factorialfunction. This is provedby inductionon

G
. For thebase

case,wecalculate
V c �=3 �%
 ���!3 �$X � � �!3 � �:V=3 
 54X , thus c �!3 � �M3

and
���=3 � � 5 . For theinductionstep,assumethatc �=G � �gG

. Then
V c �=G�H �`
 ���?G�H �$X � � �?G�H � �:LN� � �?G �#� �:LN�$V?G 
 ���?G �#X$� �hV?G�H 
 G�H[Ji���=G �$X , thus c �?G�H � �_G�H

and
���?G�H � �>G�H�Ji���?G � .

(c) Assumethat
�

and
�*j

arefactorialfunctions. We prove by inductionon
G

that
���?G � �h�*jk�?G � for all

G � O
.

Thebasecase:
���!3 � � 5 �_�*jk�=3 � . Theinductionstep:

���=G � �g�*j!�=G � implies
G�HlJ\���?G � �SG�HlJ\�*jk�?G � implies���?G�H � �>�*jk�?G�H � .

Problem 3 Theaxiomsof Union,PowerSet,andInfinity fail; all theothersaretruein this “universe”.

Problem 4 Reflexivity: For all
< � �

,
<�mn<

, andthus
<o�=mIpRq � < . Symmetry:Suppose

<r�=mIpRq �ts . Theneither
<Pm s

or
<�q s . In thefirst cases mu<

by symmetryof
m

; in thesecondcase,s q0<
by symmetryof

q
. In any case,s �!mvp�q � < .

Transitivity: Suppose
<o�!mMp�q �ts and s �!m>p�q �$w . It sufficesto show that

<Pm w or
<*q w . If

<�m s and s m w , thenthis
follows by transitivity of

m
, andsimilarly if

<�q s and s q w . Thus,without lossof generality, we may assumethat<Pm s and s q w (the symmetriccasewhere
<*q s and s m w is handledsimilarly). By hypothesis,we know that eitherx szy|{I} x s~y�� or

x s~y��f} x s~y|{ . In thefirst case,since
< � x s~y�{a} x s~y�� , we have

<�q s , andwith s q w , this implies
<�q w

by transitivity of
q

. In thesecondcase,sincewF� x s~y|��} x szy|{ , wehave s m w , andthus
<�m w by transitivity of

m
. In all

cases,wehaveproved
<o�=mIpAq ��w , andthustransitivity of

m�pRq
follows.
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