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Answers to the Second Midterm

Problem 1 For thesakeof acontradiction,supposethat
������

, i.e., theset ��� �
	 � is non-empty. By regularity,
thereexists ���� suchthat ��������� . Then �� � , andfor all ����� , we have ��� � (because

�
is transitive),but� ���� (because��������� ). It follows that ��� � for all ����� , andthus � ��� . By hypothesis,we have ��� � ,

contradicting����� .

Problem 2

(a) Suppose is a limit of ! , andtake anarbitrary "$#�% . Since  is a limit of ! , thereexists &���' suchthatfor all( #)& , * !,+ 	  -*/.�"1032 . But then,for all 4�5 ( #)& ,
* !,6 	 ! + *3�7* !86 	  :9� 	 ! + */;<* !86 	  -*,9�*  	 ! + *-.=">0?2:9@"1032A�B"8C

Thisshows that ! is a Cauchysequence,asdesired.

(b) Therearemany suchexamples.For instance,considerthe decimalexpansionof the irrational number D 2��E C F E F/2 E8GIH?J CKCKC . Let

!,L$� E 5 !NM:� E C FO5 !8PQ� E C F E 5 !8R$� E C F E FS5 !,T$� E C F E F/2U5
andsoforth, i.e., let !8+ bethedecimalexpansionof D 2 cutoff afterthe ( th digit. Then ! is aCauchysequence
of rationalnumbers,but it doesnot convergeto a rationalnumber.

If you arelooking for a morepreciseway of statingthedefinitionof this sequence,you maystateit asfollows:
let !8+���4�0 E % + , where 4 is thelargestintegerthatis smallerthan D 2�V E % + . Or: let !8+��B4�0 E % + , where4 is
thelargestintegersuchthat 4 P .�2WV E % P + .

Problem 3 Yes,suchan X mustexist, althoughit is notnecessarilyunique.Noticethat Y canhaveelementsthatare
neither0 nora successor;atsuchelements,X maybedefinedarbitrarily. Moreprecisely:

(a) Let Z\[^]_5a`-b betheformula

“If ] is a functionwith domain cad,egf:[ihab , for somehg��Y , then `j�lkm[n]\[ihabob . Otherwise,̀j�)� .”
Then for each ] , thereexists a unique ` suchthat Zp[n]_5o`-b . In particular, Z satisfiesthe hypothesisof the
TransfiniteRecursionTheoremSchema.Thus,thereexistsa uniquefunction X with domain Y suchthat

Zp[qX�* risutUv15oXj[qhabab
for all h��wY . We have Z\[nX�* risut L 5o�Ub , which shows that Xj[q%xb)�y� . Also, for any h��zY , we haveZ\[nX�* risutO{O|}vi~ 5ak�[nXj[ihabobab , andthus Xj[nf:[qhabab���k�[nXj[ihabob asdesired.

(b) In general,X is not unique. The simplestcounterexampleis given by Y ��'lV/2 , �����N%-5 E?� , ����% , andk�[q�_b��B� . Let X M 5oX P�� Y��w� begivenby

X\M3[i��b�� %O5 for all ����Y�5
X�Px[i��b��

� %-5 if ��.='�5E 5 otherwiseC
Thenboth XpM and X�P satisfytherecursionconditions.

Problem 4 Let � ��)% beanordinal.We distinguishtwo cases:

Case1: � hasa largestelement� . Thenfor all `)��� , ` �	 � , thus `)����@�,� � ���S� . This implies � � �_� .
Conversely, noticethat ����� and,because� is transitive, � � � , hence�_�=�������8� � � � . Thuswe have �����_�
is a successorordinal.

Case2: � doesnot have a largestelement.We know that �@� � � because� is a transitive set.Conversely, take any����� . Since � hasno largestelement,thereexists ` with ����`���� , andthus �����@� . This shows that � � ��� ,
andthus ��� � � is a limit ordinal.

To show that � cannotbe a successorordinal anda limit ordinal at the sametime, observe that if ������� , then� ��� � ������� ��B� by Theorem4E.
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