MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000
AnswerstotheFirst Midterm

Problem 1 (12 points) Supposehe temperatureof a cup of coffee obeys Newton’s law of cooling. A
cupof coffeeis freshly pouredandplacedoutdoorson a cold day Supposédhe coffee hasatemperaturef
200°F whenit is first poured andaftertenminutesis hascooleddown to 146°F. If theoutsidetemperature
is 38°F, thenat whattime doesthe coffee reach86°F? (You may usethe factsthat ln§ ~ —0.4 andthat
In & ~ —1.2).

Answer: Lety bethetemperaturein °F, asafunctionof timet, in minutes.Newton'’s law of coolingstates
thaty’ is proportionalto thetemperaturelifference soy’ = k(y — 38). Separatingwe getdy/(y — 38) =
k dt. Integrating,we obtainln |y — 38| = kt + C, ory — 38 = Ae**, where A is ary constant.We plug
in thefirst initial conditiont = 0 andy = 200, to obtain A = 162. Next, we plugin the second‘initial”

conditiont = 10 andy = 146 to obtain146 — 38 = 162¢!%%, or k = {5 In 138 = - In 2. Finally, we set
8

y = 86 andsolve for t. We get86 — 38 = 162¢*, ort = 1 In -5 = 1011%221 =103 = 30. Thusthecoffee

reaches6°F thirty minutesafterit is poured. ’

Problem 2 (12 points) For eachof the following differentialequationsstateits type (for instancdinear,
non-lineay separablegxact,homogeneousndfind thegenerakolutionto eachequation(You donotneed
to solve your answerfor y).

(@) E=2+1
Answer: This equationis homogeneouslf we do the substitutiony = vz (thusy’ = v’z + v), we
getv'z + v = 1/v? + v, orv?dv = dz/z. Integrating,we obtainv®/3 = In|z| + C. Resubstituting
v=y/z, Weget% =In|z| +C.

(b) y+y=t
Answer: Thisis alinearequationof theform ¢’ + p(t)y = g(t), wherep(t) = 1, g(t) = t. Wefind
anintegratingfactoru(t) = exp [ p(t)dt = e'. Wecalculate[ u(t)g(t)dt = [ teldt = te' — e + C
(usingintegrationby parts).Thusthe generakolutionis

~ Je@®)g@)dt+C  tet —et+C

0 7 —t—1+4+Ce .

) (= + 2m3y)g—g + 2zy + 32%y? = 0.
Answer: Thisis anexactequationbecausel (z2 + 2z3y) = 2z + 622y = %(Q:L'y + 32242). We
find the potentialp(z, y) = =%y + x3y?. Thesolutionis ¢(z,y) = C, or 2%y + z3y? = C.

Problem 3 (12 points) Supposehatthe sizey of a certainfish populationin a pondis governedby the
differentialequation

'—y(1— -2 )R
¥ =y( 400) R

Here R is the rate at which fish are beingremoved from the pond (andturnedinto catfood by a nearby
cannery).



(a) Supposethe canneryhanestsfish at a rate of R = 64. Sketch a slopefield for the differential
equation.Make sureyou indicatethe scaleon the y-axis. In your slopefield, drav all equilibrium
solutions,andatleasttwo increasingandtwo decreasingolutioncurves.

Answer: We first determinethe equilibriumsolutionsby settingy’ = 0:

y(1 —y/400) —64 =0 <= —42/400+y—64=0
_ —144/1-64/100
= Y= —27400

<~ y=280ory = 320.

Moreover, y' is positive for 80 < y < 320, andnegative for y < 80 and320 < y. Thuswe getthe
following sketch:

320

80

(b) With R = 64, whatwill bethesizeof thefish populationin thelongrun (ast — oo) if y(0) = 100?
Whatif y(0) = 50?

Answer: Fromtheslopefield, youcanseethaty will tendtowardsthe stableequilibrium (y=320)if
theinitial conditionis y(0) = 100. If theinitial conditionis y(0) = 50, thefish populationwill goto
zero.

(c) Whatis the maximalrate R at which the cannerycanhanestfish without risking the extinction of
thefish population?
Answer: If thehanestrateis R, thentheequilibriumsolutionsaredeterminedyy = _Ht_i W
asin part(a). By looking atthetermunderthe squareroot, we find thatwhenR > 100, thenthereis
noequilibriumsolutionandy’ is alwaysnegative, whereasvhenR < 100, therearesomeequilibrium
solutions. Thus R = 100 is the maximumhanestrateat which the fish populationhasa chanceto
survie.

R=0
R=50
R=100
R>100



