
MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000

Answers to the First Midterm

Problem 1 (12 points) Supposethe temperatureof a cup of coffee obeys Newton’s law of cooling. A
cupof coffeeis freshlypouredandplacedoutdoorson a cold day. Supposethecoffeehasa temperatureof���������

whenit is first poured,andaftertenminutesis hascooleddown to �
	�� ��� . If theoutsidetemperature
is �� �
� , thenat what time doesthecoffee reach��� ��� ? (You mayusethe factsthat ��� ������ ��� 	 andthat��� ���� ��� � ��� ).
Answer: Let � bethetemperature,in

� �
, asafunctionof time  , in minutes.Newton’s law of coolingstates

that �"! is proportionalto thetemperaturedifference,so �"!$#&%(')� � ���* . Separating,we get +��-,�')� � ���*.#%/+� . Integrating,we obtain �0�21 � � ��-1(#3%" 5476 , or � � ��8#39;:=<?> , where 9 is any constant.We plug
in thefirst initial condition  @# �

and �A# �����
, to obtain 9B#C�=� � . Next, we plug in thesecond“initial”

condition  D#E� � and �8#F�
	�� to obtain �
	�� � ��G#F�=� � :�HJI < , or %K# HHJI ��� HJI
�

HJL � # HHJI ���
��
. Finally, we set

�M#N��� andsolve for  . Weget ��� � ��2#��=� � :O<P> , or  Q# H< ���SR
�
HJL � #�� �UTWVYXZ\[TWV Z] #�� �@^ 2#N � . Thusthecoffee

reaches��� � � thirty minutesafterit is poured.

Problem 2 (12 points) For eachof the following differentialequations,stateits type(for instancelinear,
non-linear, separable,exact,homogeneous)andfind thegeneralsolutionto eachequation.(Youdonotneed
to solve youranswerfor � ).

(a) _a`_ab # b Z` Z 4c`b .

Answer: This equationis homogeneous.If we do thesubstitution�d#�e�f (thus �g!h#ie�!jfk4le ), we
get e ! fm4neM#c�O,oe � 4ne , or e � +�ek#N+�fU,of . Integrating,we obtain e

�
,�p#N���21 fq1=4l6 . Resubstitutinger#s�-,of , we get ` ]� b ] #7���21 fq1=4l6 .

(b) � ! 4t�M#s .
Answer: This is a linearequationof theform � ! 4Ku5') a*v�Y#Nwx') �* , whereu5') a*.#c� , wx') �*y#z . We find
anintegratingfactor {|') �*Q#s}
~��@�Du�') �*�+� |#N: > . Wecalculate�p{|') �*Jwx') a*�+� y#z�p a: > +� |#s a: > � : > 4�6
(usingintegrationby parts).Thusthegeneralsolutionis

�M# � {|') �*Jwx') a*�+� �4l6{|') a* #  �:=> � :�>$4l6: > #s � �y4l6�:�� > �

(c) ')f � 4 � f
�
��* _a`_�b 4

� f���4��f � � � # � .
Answer: This is anexactequation,because __�b ')f

� 4 � f
�
�-*.# � fk4l��f � �Y# __a` '

� f$��4l�f � � � * . We

find thepotential ��')f��a��*|#sf � ��4tf
�
� � . Thesolutionis �5')f��a��*Q#�6 , or f � ��4tf

�
� � #z6 .

Problem 3 (12 points) Supposethat the size � of a certainfish populationin a pondis governedby the
differentialequation

� ! #s�('�� � �	 ��� *
��� �

Here
�

is the rateat which fish arebeingremoved from the pond(andturnedinto cat food by a nearby
cannery).
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(a) Supposethe canneryharvestsfish at a rate of
� #���	 . Sketch a slopefield for the differential

equation.Make sureyou indicatethescaleon the � -axis. In your slopefield, draw all equilibrium
solutions,andat leasttwo increasingandtwo decreasingsolutioncurves.

Answer: Wefirst determinetheequilibriumsolutionsby setting� ! # � :
�('�� � �-,o	 ��� * � ��	p# � ��� � � � ,o	 ��� 4t� � ��	p# ���� �M# � Hv��� H � L R�� HJIaI� � ��R IaI��� �M#N� � or �M#N �����

Moreover, � ! is positive for � �d� � �  ��� , andnegative for � � � � and  ���d� � . Thuswe get the
following sketch:

y

t

320

80

0

(b) With
� #���	 , whatwill bethesizeof thefish populationin thelong run (as  |��� ) if �(' � *|#c� ��� ?

Whatif �(' � *Q#N� � ?
Answer: Fromtheslopefield, youcanseethat � will tendtowardsthestableequilibrium(y=320)if
theinitial conditionis �(' � *Q#�� ��� . If theinitial conditionis �U' � *Q#z� � , thefishpopulationwill go to
zero.

(c) What is themaximalrate
�

at which thecannerycanharvestfish without risking theextinction of
thefishpopulation?

Answer: If theharvestrateis
�

, thentheequilibriumsolutionsaredeterminedby �M# � Hv��� H �$� � HJIaI� � ��R IaIasin part(a). By looking at thetermunderthesquareroot,we find thatwhen
��� � ��� , thenthereis

noequilibriumsolutionand� ! is alwaysnegative,whereaswhen
��� � ��� , therearesomeequilibrium

solutions.Thus
� #�� ��� is themaximumharvestrateat which thefish populationhasa chanceto

survive.
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