MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000
Answersto the Second Midterm

Problem 1 (12 points)

(a) Findall (realor comple) solutionsof theform y = e which satisfythefollowing equation.
y" — 6y + 10y = 0.

Answer: Plugy = e into theequationwe get(r? — 6r + 10)e™ = 0. Thus,e™ will bea solution
if andonly if 72 — 6r + 10 = 0. Thequadratidormulagivesustwo answerdor r, namelyr = 3 + 4
andr = 3 — i. Thus,thedesiredsolutionsarey; = e+ andy, = e,

(b) Findtwo linearlyindependenteal solutionsof the equation.

Answer: Let uswrite thetwo solutionsfrom part(a) in termsof theirrealandimaginaryparts:

y1 = e3(cost + isint),

yo = e3(cost — isint).
Sincethe systemof equationds linear, ary linear combinationof solutionsis againa solution. In
particular by addingy; + y» (anddividing theresultby 2), we getarealsolution,y; = e cost. By

subtractingy; — y» (anddividing theresultby 2i), we getanotherealsolution,y, = e sint. These
aretwo linearly independenteal solutions.

Problem 2 (12 points)

(a) Carefullysketchthe phaseplanefor the systemof equations

dx dy

— =-8z+5 — = —10z + 7y.

7 T + 9y, dt T+ (Y
Indicateclearlyin which directiont increasesandmake surethatyou mark any asymptotesFrom
your sketch, what canyou say aboutthe short-termbehaior of the solutionwith initial condition

z(0) = 5, y(0) = 11? Whatcanyou sayaboutits long-termbehaior?
Answer: We write theequationsn matrix form:

d(z\ _ (-8 5\ (=

dt \y)  \-10 7)\y/"
To preparethe sketch,we find the eigevaluesandeigervectors.Theeigevaluesaregivenby (—8 —
A7 —A) +50 = A2+ X — 6 = 0, with solutions\; = 2 and\y = —3. The corresponding

eigevectorsarev; = (1,2) andve = (1, 1). Sincethe eigevalueshave oppositesigns,we have the
following situationfor the phaseplane:

(x=5,y=11)

W



The solutionwith initial conditionz(0) = 5, y(0) = 11 is highlighted. In the shortterm, z andy
increaseln thelongterm,they bothincreasdowardsinfinity, asymptoticallyalongtheline y = 2z.

(a) Findthegenerakolutionto theabove systemof differentialequations.

Answer: Sincewe have alreadyfound a basisof eigewectors,we cansimply write out the general
solution,wherec; andc, arearbitraryconstants:

(- Q)e )=

(c) Findthegeneralkolutionof thenon-homogeneousystemof equations

d (o) _ (-8 5) (=) (3
dt \y) \-10 7) \y 3/
Answer: Wefirst needto find aparticularsolution. Wetry for aconstansolution: Settingz’ = /' =
0, weget
-8 5\ (z\ (-3
-10 7)\y) " \-3)"

Using Gaussiarelimination,we find that (z,y) = (1,1) is asolution. Thus,the generalsolutionto
thenon-homogeneousy/stemis

() =e () e () )

Problem 3 (12 points) Considerthe systemof lineardifferentialequations

dzx d_y_:c—ty

a Y ow T 1=

(a) Findasolution(z(t),y(t)) for whichy(¢) = 1 is constant.

(b)

()

Answer: If y = 1 is constanttheny’ = 0, andthusz — ty = 0 from the secondequation.Hence
x = ty = t will satisfythesecondequation.We needto checkthatthefirst equations alsosatisfied,;
but thisis thecasesincez’ = 1. Thus(z,y) = (¢, 1) is asolution.

Verify that (z,y) = (€, ') is anothersolution.

Answer: We needto checkthateachequationis satisfied.For thefirst equation]eft andright-hand
sidesareequalto e!. For the secondequation the left-handsideis ef, while the right-handsideis
(el —te!)/(1 —t) = et (1 —t)/(1 —t) = €' (unlesst = 1, in which casethe equationis undefined).

Find a solutionwhich satisfiegheinitial conditionsz(0) = 1 andy(0) = 0.

Answer: Sincewe aredealingwith alinear systemhere,linearcombinationf solutionsareagain
solutions. Thus, the generalsolutionis (z,y) = ci(t,1) + ca(€’, e), wherec; andc, arearbitrary
constants.We plug in theinitial conditiont = 0, z = 1, y = 0 to determinec; andcs: (1,0) =
c1(0,1) + c2(1,1). This systemis easilysolved, andwe find thatc, = 1 andc¢; = —1. Thus,the
desiredsolutionis (z,y) = —1- (¢,1) + 1 (€', e!) = (e! —t, et —1).



