
MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000

Answers to the Second Midterm

Problem 1 (12 points)

(a) Findall (realor complex) solutionsof theform ��������� whichsatisfythefollowing equation.�
	 	���
���	��������������
Answer: Plug ��������� into theequation,we get ��� � �!
 � �"����#$���$�%��� . Thus, ���$� will bea solution
if andonly if � � �&
 � �'���(��� . Thequadraticformulagivesustwo answersfor � , namely� ��)*��+
and � �"),�&+ . Thus,thedesiredsolutionsare ��-.�"��/10325476 � and � � ��� /1098:476 � .

(b) Find two linearly independentreal solutionsof theequation.

Answer: Let uswrite thetwo solutionsfrom part(a) in termsof their realandimaginaryparts:��-;��� 0 � �=<?>A@CB �D+ @3E7F*B #HG� � ��� 0 � �=<?>A@CB ��+ @3E7F*B #H�
Sincethe systemof equationsis linear, any linear combinationof solutionsis againa solution. In
particular, by adding��-I�D� � (anddividing theresultby J ), we geta realsolution, � 0 ��� 0 � <?>A@:B . By
subtracting� - �K� � (anddividing theresultby J + ), wegetanotherrealsolution, � LM��� 0 � @3E7F;B . These
aretwo linearly independentrealsolutions.

Problem 2 (12 points)

(a) Carefullysketchthephaseplanefor thesystemof equationsNAON B �P�RQ O �TS��UG N �N B �P�V��� O �XWY�5�
Indicateclearly in which direction B increases,andmake surethatyou markany asymptotes.From
your sketch,what canyou sayaboutthe short-termbehavior of the solutionwith initial conditionO � ��#Z�"S , � � ��#.�[� � ? Whatcanyousayaboutits long-termbehavior?

Answer: Wewrite theequationsin matrix form:NN B \ O �:] � \ �RQ S�^��� W�] \ O �:] �
To preparethesketch,wefind theeigenvaluesandeigenvectors.Theeigenvaluesaregivenby � �,Q*�_ # � W�� _ #;�PS��X� _ � � _ �"
T�`� , with solutions

_ -a� J and
_ � �b�R) . The corresponding

eigenvectorsare c -*� � ��G J # and c � � � ��G��d# . Sincetheeigenvalueshave oppositesigns,we have the
following situationfor thephaseplane:
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The solutionwith initial condition
O � ��#e�fS , � � ��#^�g� � is highlighted. In theshortterm,

O
and �

increase.In thelong term,they bothincreasetowardsinfinity, asymptoticallyalongtheline ��� J O .

(a) Find thegeneralsolutionto theabove systemof differentialequations.

Answer: Sincewe have alreadyfounda basisof eigenvectors,we cansimply write out thegeneral
solution,whereh - and h � arearbitraryconstants:\ O � ] � h - \ �J ] � � � � h � \ �� ] � 8C0 � �

(c) Find thegeneralsolutionof thenon-homogeneoussystemof equationsNN B \ O � ] � \ �RQ S�^��� W ] \ O � ] � \ )) ] �
Answer: Wefirst needto find aparticularsolution.Wetry for aconstantsolution:Setting

O 	 ��� 	 �� , we get \ �RQ S�V��� W�] \ O �:] � \ �,)�,)�] �
UsingGaussianelimination,we find that � O Gi�j#R� � ��G��d# is a solution. Thus,thegeneralsolutionto
thenon-homogeneoussystemis\ O �:] � h - \ �J ] � � � � h � \ ���] � 8C0 � � \ ���] �

Problem 3 (12 points) Considerthesystemof lineardifferentialequationsN�ON B ��� N �N B � O � B ��k� B �
(a) Findasolution � O ��B #HGi� ��B #i# for which � ��B #.�[� is constant.

Answer: If �K�l� is constant,then � 	 �m� , andthus
O � B �n�o� from thesecondequation.HenceO � B ��� B will satisfythesecondequation.Weneedto checkthatthefirst equationis alsosatisfied;

but this is thecasesince
O 	 �[� . Thus � O Gi�:#Z� ��B G��d# is asolution.

(b) Verify that � O Gi�:#Z� � ���iGp����# is anothersolution.

Answer: Weneedto checkthateachequationis satisfied.For thefirst equation,left andright-hand
sidesareequalto � � . For the secondequation,the left-handsideis � � , while the right-handsideis� ���q� B ���r#is � �M� B #%����� � �k� B #is � �M� B #%�"��� (unlessB �[� , in whichcasetheequationis undefined).

(c) Findasolutionwhichsatisfiestheinitial conditions
O � ��#Z�[� and � � ��#t��� .

Answer: Sincewe aredealingwith a linearsystemhere,linearcombinationsof solutionsareagain
solutions.Thus,thegeneralsolutionis � O Gi�:#u� h - ��B G��d#%� h � � ���3Gp���r# , where h - and h � arearbitrary
constants.We plug in the initial condition B �l� , O �v� , �!�l� to determineh - and h � : � ��G3��#w�h - � ��G��d#Z� h � � ��G��d# . This systemis easilysolved,andwe find that h � �g� and h -V�g�V� . Thus,the
desiredsolutionis � O Gi�:#Z�P�V�kx ��B G��d#I���*x � ���iGp���r#Z� � ���I� B Gp���y�'�d# .
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