MATH 316, DIFFERENTIAL EQUATIONS, WINTER 2000

Answersto the Final Exam

Problem 1 (9 points) A tankinitially containg200liters of purewater A mixturecontainingaconcentration
of 6 grams/literof saltentersghetankatarateof 2 liters/min,andthewell-stirredmixtureleavesthetankat

the samerate. Find an expressiorfor the amountof saltin thetankattime t. How muchsaltis in thetank

after 120 minutes?Whatis the limiting amountof saltin thetankast — oco? (You may usethefactthat

e 12~ 0.3).

Answer: If S is theamountof saltin thetank,thenS’ = in — out = 6 -2 — 55 - 2 = 1200=5 Solving

this, we get.S(¢) = 1200 — Ae~ 105, Pluggingin the initial conditionS(0) = 0, we get A = 1200, thus
S(t) = 1200 — 1200e 0. At t = 120, we have §(120) = 1200 — 1200e™ 100 = 1200 — 1200 - 0.3 =
1200 — 360 = 840. Ast — oo, we havee™ 100 — 0 andthusS(t) — 1200.

Problem 2 (9 points) For eachof thefollowing differentialequationsstateits orderandtype (for instance,
linear, non-lineay separablegxact,homogeneoustc). Find thegenerakolutionto eachequation.

dy 'y v
a) — =24+ L.
@ =7 e

Answer: This equationis first-orderandhomogeneousWe do the standardsubstitutiony = vt,
y = v+ 't togety +v't = v + v?, thusv’ = v?/t. Thisis now separabledv/v> = dt/t, thus
—1/v =Int+ C,orv = —1/(Int + C). Substitutingoackfor y = vt, wegety = —t/(Int + C).
ldz

(b) 5= =a(t® - 1).

Answer: This equationis first-orderand separable.We have dz/x = (3 — t)dt, thusin|z| =
t'/4 —12/2 + C, thusz = det' /41240 or g = Aet'/41/2,

d
(c) (2z%y + 354)% + 423y = —322y>2.
Answer: This equationis first-order It is of theform N(z, y)j—g + M(z,y) = 0, whereN(z,y) =
223y +z* andM (z,y) = 4x3y + 3z2y>. We checkthattheequationis exact: ON/0x = 62y + 423
andoM /oy = 43 + 62%y. We find the commonantidervative +(z,y) = z3y? + yz*. Thus,the
generakolutionis 4 (z,y) = C, or z3y? + yz* = C.

d) y" =9y +2y.

Answer: This equationis second-ordeandlinear Assumingsolutionsof theform y = ™, we get
the conditionr? = r + 2, which s satisfiedfor r = 2 andr = —1. Thusy = e* andy = e ! are
two linearly independensolutions.The generakolutionis y = c;e? + cpe™t.

Problem 3 (9 points)

(a) Findthreelinearlyindependensolutionsof the system
-1 -1 1
%f: 0 0 -1]4
0 1 2



Answer: First, we find the eigervaluesof the matrix. The eigenpolynomials (—1 — A)(=A)(2 —
A) — (=1 =XA)(=1) = (=1 —=X)(A — 1)2. Thus,we have aneigewvalue\; = —1 of multiplicity one
andan eigewvalue Ao = 1 of multiplicity two. The correspondingeigemwvectorsare: for A\; = —1,
vy = (1,0,0)T, andfor A, = 1, v = (1,—1,1)". Also, thereis a generalizeceigevector for
A2 = 1, whichis vz = (0,0,1) . Thus,threelinearly independensolutionsare:

1 1 1 0
Zt)=[0]e? and Ft)=[-1]e and Z@t)=|-1]tet+[0] €.
0 1 1 1

(b) Determinethe solutionwhich satisfiegheinitial condition

1
Z0)= 1|2
1
Answer: Thegeneralsolutionis
1 1 1 0
Ft)=c |0 e P+ | —1]e+c3||-1]tel+[0]¢
0 1 1 1
Pluggingin theinitial condition,we get
1 1 1 0
2 =c1 |0 +c2| 1) +c3|0],
1 0 1 1

whichyieldse¢; = 3, ¢co = —2,¢3 = 3.

Problem 4 (9 points) Find thegeneralkolutionof the second-ordelinear differentialequation
t2y" + 6ty + 4y = 4 + 10t.

Hint: Forthehomogeneougart,try solutionsof theform ¢", andfor thenon-homogeneoysart,try solutions
of theform A + Bt.

Answer: Wefirst solve thehomogeneousquationt?y” +6ty’ +4y = 0. Tryingy = t", we getthecondition
t2r(r — 1)#" 2 + 6trt" ! + 4¢" = 0. Dividing by ¢ we getr(r — 1) + 6r +4 = 0, 0rr? + 5r + 4 = 0,
which is satisfiedwhenr = —1 orr = —4. Thusthe generalsolution of the homogeneousystemis
y = cit™! + cot™*. We now look for a particularsolution of the non-homogeneousystemof the form
y = A + Bt. Pluggingthis into the non-homogeneousquationwe get6¢B + 4(A + Bt) = 4 + 10t, or
10Bt + 4A = 4 + 10t. Thisis satisfiedwhenA = 1 andB = 1. Thus,y = 1 + ¢ is a particularsolution.
Thegenerakolutionof thenon-homogeneousystemis y = ¢t~ + cpt 4 + 1 + .

Problem 5 (9 points) Calculatee?, whereA is thefollowing matrix:

()



Answer: We usediagonalization. The eigewvaluesare 2 and 1, andthe correspondingigervectorsare
(1,0)" and(—1,1)T, respectiely. ThenD = T~ AT is adiagonalmatrix, where

1 -1 2 0
T_(O 1) and D_(O 1).
A D1 (1 —1 e 0 1 1Yy e e?—e
e =TerT _<0 1)(0 e)<0 1)‘(0 e )

Problem 6 (9 points) Find andclassifyall equilibrium solutionsof the following system,andsketchthe
phaseportrait. Includethenullclinesaswell.

Thus,

dr 9
E—x(y—y),
dy

= = 1 —1).
Y =+ -1

Answer: We seethatdz/dt = 0if z = 0 ory = 0 ory = 1. Thesenullclinesareshovn asdashedines
in the sketchbelaw. Also, dy/dt = 0 if y = —1 or z = 1. Thesenullclinesareshavn asdottedlines. The
equilibriumpointsarewherethe dashedndthe dottedlinesintersectthis happenatthethreepoints(1, 1),
(1,0), and(0,—1). To analyzethethreeequilibrium points,we calculatethe Jacobian

Tz, y) = (@; . yl”“ x(i - ?y)) _

At thethreepoints,the Jacobiarevaluatego:

J(1,1)=<g _01) J(1,0):(? é) J(O,—l):<_02 _01>.

At (1,1), the Jacobiarhascomple eigervalues(with zeroreal part), giving rise to a counterclockwise
rotation. At (1,0), theeigevaluesare1 and—1 with respectie eigevectors(1,1) " and(1,—1)T, giving
riseto a saddlepoint. At (0, —1), the eigevaluesare—2 and—1 with respecire eigewvectors(1,0) " and
(0,1) 7, giving riseto a stableequilibriumpoint.




Problem 7 (9 points) A massm is suspendedrom a positive heighthy by a spring, as shavn in the
illustration. The masscanonly move up anddown (notto theright andleft). The springconstanis &, and
the springhasrelaxedlengthly. Let y betheverticalheightof themass.

ho,,

y+ m

0,,

(a) How mary degreesof freedomdoesthis mechanicakystemhave?

Answer: 1, theheightof themass.
(b) Findformulasfor the potentialenegy U andthekineticenegy T of the systemin termsof y andy.

Answer:

k
U =mgy + 5((ho —y)—1)°

(c) UsetheLagrangiarformalismto find the equationsof motion of this system.

Answer:
m .o k 9
L=T-U= 59" —mgy—5((ho —y) —l)".
We calculate
aor. _ d .
oy  avT™
oL

- = —mg+k(ho—y—l).

Thusthe equationof motionis

L L
ia__a_:() or m:ij:—mg-l-k(ho—y_lO)-



