Math 4680, Topicsin Logic and Computation, Winter 2012
Answersto Homework 1

Problem 1.1 #2 Let P(«) be the property “the length aof is not 0, 2,
3, or 6.”. We prove that any well-formed formutahas this property by
induction on well-formed formulas. H = A, is atomic, then it has length
1, and thus it satisfies the prope®y The sameistrueih = T ora = L.
Now suppose thate = ( = 3) for some well-formed formulg. If n is
the length ofs, then the length ofv is n 4+ 3. By induction hypothesis, we
know thatn is not—3, —1, 0, or 3. Thus,n + 3is not 0, 2, 3, or 6 and
has the property’. Finally, supposex = ( S 0~) for some well-formed
formulasg and~, whereo € {A, VvV, —, <> }. Letn andm be the lengths
of 5 and~, respectively. Then has lengt + m + 3. Eithern andm are
both 1, in which case + m + 3 = 5. Or otherwise, at least one afand
m IS > 4, in which casen + m + 3 > 8. In any casep + m + 3 is not 0,
2, 3, or 6, and thua has the property’. This proves the claim.

To show that all other lengths are possible, we only needve giwell-
formed formula for each length.

Ay has lengthl.

(—A) has lengtht.

(A1 AN A has lengtlb.
(=(—Ay)) has lengttv.
(~(A1NAY)) has lengtl8.
((A1ANA) NAj) has lengthp.

After this, we can generate any length because Has lengthn, then
( = «) has lengthn + 3.

Problem 1.1 #3 If « is a well-formed formula, we write(a) for the
number of occurrences of binary connectiveajmnds(«) for the number
of occurrences of sentence symbols and the symboéd L in o. We

claim thats(a)) = ¢(«) + 1. Proof by induction on well-formed formulas:

If « = A,, is a sentence symbol, ordfis T or L, thens(a) = 1 and
¢(a) = 0, thus the claim holds. I = ( = 3) for a well-formed formula
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B, thens(a) = s(8) andc(a) = ¢(5), so the claim holds by induction
hypothesis. Finally, itx = (5 07), whereo € {A,V,—, <}, then
s(a) = s(B)+s(v), ande(a) = ¢(B8)+c(y)+ 1. By induction hypothesis,
we have

s(a) = s(B) +5(v) = (c(B) + 1) + (c(v) +1) = c(a) + 1,

which proves the claim.

Problem 1.2 #2 (a) Yes,(((P — Q) — P) — P) is a tautology, as the
following truth table shows:

P Q|P—-Q (P-Q) —P (P—>Q)—P)—P

T T T T T
T F F T T
T T F T
F F T F T

Moreover, from the truth table, we see ttiaP — Q) — P) is tautologi-
cally equivalent taP.

(b) Letoy = (P — @) andoy41 = (0 — P). By induction we prove
that for allk > 1: if k is odd, thens;, == P, and if k is even, then
= oy. Proof: Base case: fdr = 1, this is seen from the above truth table.
Indunction step: If: is even, therk + 1 is odd. By induction hypothesis,
oy is a tautology, s@;1 = (0 — P) is logically equivalent taP. On
the other hand, ik is odd, therk + 1 is even. By induction hypothesisy,

is logically equivalent taP, sooy1 = (0 — P) is logically equivalent
to P — P, therefore a tautology.

Problem 1.2 #5 (a) The assertion is true. Proof: Assumie= a. We
have to shows = « Vv 3. So letv be any truth assignment satisfying alll
the formulas in:. By hypothesisz(«) = T'. By definition ofu, we have
v(a V B) = T. Sincev was arbitrary, we havE = « Vv (3 as desired. The
argument is similar it2 = 3 is first assumed.

(b) The assertion is false. Counterexample: bet= (), « = A, and
B = —A, whereA is a sentence symbol. Théhj= a Vv 3, butY £ o and

S b B.



Another counterexample is: Let= A, § = B, and¥X = A V B, where
A, B are two different sentence symbols.

Problem 1.2 #7 You can ask the person: “If | asked you whether | should
take the right path, would you answer ‘yes?’”

Problem 1.2 #10 We start with a lemma that will be useful in this problem
and elsewhere.

Lemma. Two sets of wffs X and > are eguivalent if and only if ¥ = o/
forall o/ € ¥ and ¥ = aforal a € 3.

Proof. The left-to-right implication is trivial; ifX andX’ are equivalent,
then froma € X we trivially getY = «, henceX’ | «, and similarly for
the second part. The right-to-left implication is also easysumeX. = o
forallo/ € ¥ andY’ | aforalla € X. Letv be any truth assignment sat-
isfying X; thenv also satisfie¥ (because every’ € ¥’ is a consequence
of X); conversely, every truth assignment satisfykigalso satisfies. It
follows that> andY’ have the same tautological consequences. [

(&) We claim that any finite sef of wffs has an independent equivalent
subset. Proof: by induction on the number of elements.dBase case: If

3 is empty, then it is independent, so there is nothing to sHoduction
step: Consider a seét of sizen + 1. Case 1: if¥ is independent, there

is nothing to show. Case 2: K is not independent, then there exists
somea € ¥ such thatt — {a} = a. By the LemmaX and¥ — {a}

are equivalent. By induction hypothesis,— {«a} has some independent
equivalent subset’, which is then also an independent equivalent subset
of .

(b) Letay, = Ag A ... AN A, forall k > 0, and let¥ = {ay, | k € N}. We
claim that> has no independent equivalent subset. Indeed, {et> be a
subset. There are three cases to consider: CaBaslempty. In this case
I' = ap, soI" is not equivalent ta. Case 2:I" has exactly one element,
sayay. In this casel |~ a1, hencel is not equivalent ta2. Case 3T
has at least two elements, say and«,,,, wherek < m. Thena,, = ax,
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so I is not independent. In all three casésfails to be an independent
equivalent subset df, soX has no such subset.

(c) LetY = {09, 01,...}. Definery = 0¢, 71 = 09— 01,72 = 0g Ao —
o2, and so on; in general, far > 0:

T, =09 /N ... \NOk_1 —> 0.

Consider the sef’ = {79, 71,...}. We claim thatl’ is equivalent to>.
Indeed, on the one hand, we hawg = 7, thereforeX = 7, for all k; on
the other hand, we can prove, ..., 7 = o by an easy induction, hence
I' = oy, for all k, so by the Lemmad, andX: are equivalent.

In general ' is not independent. Indeed, certain elements I' may be
tautologies. Now consider the subset

IV = {7, € ' | 74 is not a tautology.

Then clearly (using the Lemmd)’ is equivalent td". Moreover, we claim
thatI” is independent. Indeed, let € I'. Sincer, is not a tautology,
there exists some truth assignmensuch thatv(r,) = F. Sincer, =

o9 N\ ... \ op_1 — oy, it follows thatv(o;) = T for all i < k, and
v(ox) = F. Then for alli < k, we haveo; = 7;, hencev(r;) = 7. And

forall j > k, we havev(ogA...Acj—1) = F, hencev(r;) = T'. Therefore
the truth assignment makesr,, false, and all other formulas @f true. It
follows that7;, is not tautologically implied by the other formulas Bf,

hencel” is independent as desired.

Problem 1.4 #2 The string( A3 — AA,4) has length 6. Therefore it is
not a well-formed formula by Problem 1.1 #2.



