Math 4680, Topicsin Logic and Computation, Winter 2012
Answersto Homework 2

Problem 1.5#1 (a) G(z,y,2) = (e A=y A—2)V(mx Ay A z)V
(mx Ay A—-2)V (x A -y A -z)

(b) G(z,y,2) = (yVz) = (=(zV (y A 2))

Problem 1.5#4 (a) To show tha{ M, L} is complete, it suffices to show
that the Boolean formulad — — A and (A, B) — A A B can be ex-
pressed. We have:

—A=DM(A, A, A)
AAB=-M(A,B,1)=MM(A B, L), M(A, B, L), M(A,B,1)).

(b) To show thaf A/} is not complete, consider any formuleconstructed
from Boolean variables andy by (possibly repeated) application &f.
We prove by inductioni is logically equivalent to either or y or -z or

Base case: ifp is a variable, therp is eitherz or y, so the claim trivially
holds.

Induction step: supposg = M (p1, p2,¢3). By induction hypothesis,
each ofpq, 9, andys is logically equivalent to one of, y, -z, or —y.
Then we must have either; == ¢, for somei # j, or p; == —¢; for
somei # j.

Case lip; == ¢; for somei # j. Without loss of generalityp; == ¢».
In this case:

o = M(p1,92,93) F= M(p1,01,93) F= D1

Case 2:p; == - p; for somei # j. Without loss of generalityp; ==|
— 9. In this case:

o = M(p1,02,903) F= M(p1, 7 ¢1,93) F= 7 ¢3.

In either case, the claim follows by induction hypothesis.

Finally, you may wonder whether one can perhaps construcrraula
o(x1, 9, ..., xzy,) Usingmorethan 2 variables, such thatxy, zs, ..., x,)

is logically equivalent tor; A x5. However, this is clearly not the case,
because thep(z1, 22, 22, ..., x2) is also logically equivalent te; A x5,
and it uses only 2 variables, so the above argument applies to

Problem 1.7 #12 (a){A,—~ A}.
(b) {A,B,—~(A A B)}.
©){A,B,C,~(AANBAC)}.

Problem 2.1 #1 Recall the restricted quantifiers:

e For all numbers, ...:Vz(N(z) — (...)).
e There is a number such that ...3z(N(z) A (...)).

e There is no numbet such that ...=3z(N(z) A (...)).
Translations:

(@) V(N(z) = 0 < z).

(b) Va(N(z) — I(z) — 1(0)) or equivalently(Fz(N(z) A I(z))) —
1(0).

() = 3Jx.N(z) Ax <O.

(d) Va.[(N(z) A= I(z) A (Vy[(N(y) Ay <z) = 1(y)])) = 1(z)].
(€) = 32.[N(z) AVy.(N(y) = y < 2)].

() =3z [N(z) A=3y.[N(y) Ay <z]].

Problem 2.2 #2 (a) Consider the structur® with |2 = {a,b,c} and
P ={(a,b), (b,c)}. This satisfies (b) and (c), but not (a).

(b) Consider the structur®s with |B| = {a,b} and with the predicate
P ={(a,a),(a,b),(b,a), (b b)}. This satisfies (a) and (c) but not (b).
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(c) Consider the structuewith |€| = {a, b} and withP = {(a, a), (b,b)}.
This satisfies (a) and (b) but not (c).

Problem 2.2 #8 “=": We prove the contrapositive. Assume= 7. By
assumption, we havE = — 7. Since?l is a model ofY, it follows by
definition of logical consequence thaty — 7, hencel~y 7, as desired.

“<": AssumeX = 7. SinceXl is a model oY, it follows by definition of
logical consequence thaty T, as desired.

Problem 2.2 #11 For greater clarity, we write=" for equality in the
metalanguage and=" for equality in the object language.

@) pa(r) = Vy(z +y =y).

(b) pp(z) = Vy(z -y = y).

(©) ve(z,y) = 3z(pp(2) Nz + 2 =y).
d) pa(z,y) = "z =y AJe(z+2=y).

Problem 2.2 #15 Letpy,po,ps,... = 2,3,5,7,... be the list of all prime

numbers. Recall that every natural number 0 has a unique factoriza-

tion into primes:n = pi* - ph2 . pk3 . where all but finitely many of
k1, ks, ks, ... are0. Define the following functiory : N — N:

f(pll 'p22 'p33 ) = p12 'pzl 'p33 :

Note howk; andk, have been swapped on the right-hand side. Then itis

easy to see that forall, m € N, f(n-m) = f(n)- f(m). Indeed, ifn or
m is 0, then this is a triviality. If they are both non-zero, theywéarime

factorizationsn = pi* - pb2 - pfs . . andm = pb - p2 - pl - ..., and we
have
f(nm) _ f(plfﬁrh 'p§32+l2 ,p/§3+13 . )
_ plf2+l2 .p12<:1+l1 _p/§3+13 .
= f(n)f(m).

If follows that f : N — N is an automorphism af; -). By the homomor-
phism theorem, it follows that any formulasatisfies

=N @[s]<= FEn olf o s (1)
Suppose now thag(z, y, z) were a formula defining addition, i.e.,

=N e(,y, 2)[s] = s(2) + 5(y) = s(2). 2

Putting (1) and (2) together, we have

s(x) +s(y) = s(2) <= f(s(2)) + f(s(y) = [(s(2))- 3)

Now chooses so thats(z) = 2, s(y) = 5, ands(z) = 7. From (3), we
have
2+5=T< f(2)+ f(5) = f(7). (4)

However, f(2) = 3, f(5) = 5, and f(7) = 7, so the right-hand side
is false whereas the left-hand side is true. This is a coiatiad; hence

addition is not definable by any formula(z,y, z) in the language with
only multiplication.



