Math 4680, Topicsin Logic and Computation, Winter 2012
Answersto Homework 3

Problem 2.1 #2 “There is no greatest interesting number.”

Problem 2.2 #1 (a) “=": Suppose thal’; « = ¢. We want to show that
I' E (o — ¢). Tothat end, consider any struct®eand any interpretation
s, and assumé=g I'[s]. We must prove=y (o — ¢)[s]. There are two
cases: Case 1=y «fs]. In this case, using the assumptibna = ¢, it
follows thatl=g ¢[s], and therefore alsp=o (o« — ¢)[s] by definition of
the interpretation of “»” in a structure. Case 2}~y «fs]. In this case,
o (o — ¢)[s] by definition of the interpretation of-%" in a structure.
In both cases, we are done.

“<" Suppose thal’ = (o« — ¢). We want to show thaf; o« | ¢. So
consider any structur# and any interpretatios, and assumeg=y I'[s] and
o afs]. We must prove=g ¢[s]. From the assumptiohi = (a — ), it
follows that=y (« — ¢)[s], and with|=y «[s], it follows that =g ¢[s],
as desired.

(b) “=": Suppose thatp == ¥. We want to show tha= (p <> ¥).

So consider any structuf and any interpretatios. There are two cases:

Case 1l:=g ¢[s] and =y [s], in which case=y (¢ <> v)[s]. Case 2:
Fa @[s] and ey 1]s], in which case=qy (¢ <> 1)[s]. In either case, we
are done.

“<" Suppose that= (¢ <> ¢). We want to show thap == . So
consider any structur® and any interpretation. We must show that=g

pls] iff =g [s]. By assumption/= (¢ <+ 1), so either=y ¢[s] and
= v[s], in which case we are done, Py ¢[s] and=y v[s], in which
case we are also done.

Problem 22#9 (a)3xJy(z Ay AVzz =2V z=1y).
(b) Va3y(P(z,y) AVz(P(z,2) = 2 = y)).
() VxIy(P(x,y) AVz(P(x,z) = z = y)) AVyIz.P(x,y).

Problem 2.2 #14 (a) The only susets of the real line that are definable in
(R; <) are() andR.

Proof: suppose that is some definable subset, i.e., there is some formula
¢ such thatr € A iff Er p(z). Suppose thatl is not() or R. Then
there arer,y € R such thatr € Aandy ¢ A. Let f : R — R be some
monotone function such thgtxz) = y (Such a function always exists, for
example, the functiorf(z) = z + y — z). Sincef is an automorphism,
we have by the homomorphism theorem that ¢ (z) iff =r o(f(x)) iff

Er ¢(y), sox € Aiff y € A, acontradiction. It follows thatl is () or R.

(b) Consider the following subsets Bf x R:

X ={(z,y) |z <y}
Y ={(z,y) |z =y}
Z ={(z,y) |z >y}

Clearly, X, Y, and Z are definable (by the formulas < y, x = y, and
x > y, respectively; or if equality is not in the language, we caitev
-z < y A -y < zinstead ofr = y). We get the following 8 definable
subsets:

O, X, Y, Z XUY, XUZ YUZ XUYUZ=RxR.

And these are in fact the only 8 definable subsets. Proofilety) be
any formula defining a subset C R x R. Consider(z,y) € X and
(2',y') € X. We claim thatp(z, y) iff p(2’,y’). Indeed, because we have
x < yandz’ <y, we can find a monotone functighsuch thatf (z) = 2’
andf(y) = y'. By the homomorphism theorem, it follows thatz, y) iff
o(f(x), fly) iff p(2',y’). Therefore,A either contains all elements of

or no elements ok.

Similarly, we prove thatd either contains all or no elements ¥f and A
either contains all or no elements &f It follows that A is of one of the 8
forms above.



