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MINOrms

ot A be a x-algebra over C.



C-seminorms

m Let A be a x-algebra over C.
m (ab)* =b*a* forall a,b € A;
m(a+\b)* =a*+ N foralla,bc Aand )\ € C.
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C-seminorms

m Let A be a x-algebra over C.

m C*-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a))*.
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C " -seminorms

mLet Abea x-algebra over C.

x: A— A — A— A +: Ax A— A,
AxA— A, -: Cx A— A are continuous.

m C*-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a))*.
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C " -seminorms

= Let A be atopological x-algebra over C.

= C"-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a)).
m N (A) = continuous C*-seminorms on A.
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C " -seminorms

= Let A be atopological x-algebra over C.

= C*-seminorm:

p(ab) < p(a)p(b) and p(a*a) = (p(a))*.
m N (A) = continuous C*-seminorms on A.
m A, = completion of A/ kerp. (p € N(A).)
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Let A be atopological x-algebra over C.

C*-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a))*.

N (A) = continuous C*-seminorms on A.
A, = completion of A/ kerp. (p € N(A).)

plsaC”*- on A,;
A, Isa C*-algebra.
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Let A be atopological x-algebra over C.

C*-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a))*.

N (A) = continuous C*-seminorms on A.

A, = completion of A/ kerp. (p € N(A).)
A, I1sa C*-algebra.

7. = =-algebra topology induced by N/ (A).
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Let A be atopological x-algebra over C.

C*-seminorm:
p(ab) < p(a)p(b) and p(a*a) = (p(a))*.

N (A) = continuous C*-seminorms on A.

A, = completion of A/ kerp. (p € N(A).)
A, I1sa C*-algebra.

7. = =-algebra topology induced by N/ (A).

T isinitial wrt. A — ] A, (product top.).
pEN(A)
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Let A be atopological x-algebra over C.

C™*-seminorm:

p(ab) < p(a)p(b) and p(a*a) = (p(a))”.

N (A) = continuous C*-seminorms on A.

A, = completion of A/ kerp. (p € N(A).)
A, I1sa C*-algebra.

7. = =-algebra topology induced by N/ (A).

T isinitial wrt. A — ] A, (product top.).
pEN(A)

Alsa If It 1Is Hausdorff, complete,

and its topology coincides with 7 4.
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*-algebras

— topological x-algebras and their
homomorphisms.



Pro-C *-algebras

= | = topological x-algebras and their
x-homomorphisms.

= The following are equivalent:
= A s apro-C*-algebra;
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Pro-C'“-algebras

= | = topological x-algebras and their
x-homomorphisms.

= The following are equivalent:

A'1s a pro-C™-algebra;
A 1s the limit of C*-algebras in T,
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T = topological x-algebras and their
x-homomorphisms.

The following are equivalent:
Als apro-C*-algebra;
A 1s the limit of C"*-algebras in T;
A 1s the limit of the C*-algebras A, In T.
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T = topological x-algebras and their
x-homomorphisms.

The following are equivalent:
Als apro-C*-algebra;
A 1s the limit of C"*-algebras in T;
A 1s the limit of the C*-algebras A, In T.

P = pro-C*-algebras (full subcategory of T).
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T = topological x-algebras and their
x-homomorphisms.

The following are equivalent:

Als apro-C*-algebra;
A 1s the limit of C"*-algebras in T;
A 1s the limit of the C*-algebras A, In T.

P = pro-C*-algebras (full subcategory of T).
P is reflective in T.
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T = topological x-algebras and their
x-homomorphisms.

The following are equivalent:
Als apro-C*-algebra;
A 1s the limit of C"*-algebras in T;
A 1s the limit of the C*-algebras A, In T.

P = pro-C*-algebras (full subcategory of T).

P is reflective In T.
Related notion: Locally convex approach x-algebra.
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Examples

= [[ M,(C);
n=1
= C,(|0,1]), continuous maps on |0, 1| with the

topology of uniform convergence on compact
countable subsets;
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C.,([0,1]), continuous maps on [0, 1] with the
topology of uniform convergence on compact
countable subsets;

The tangent algebra of a C'*-algebra introduced by
Arveson:
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C.,([0,1]), continuous maps on [0, 1] with the
topology of uniform convergence on compact
countable subsets;

The tangent algebra of a C'*-algebra introduced by
Arveson:

Universal factorizer of derivations into
C*-algebras;
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C.,([0,1]), continuous maps on [0, 1] with the
topology of uniform convergence on compact
countable subsets;

The tangent algebra of a C'*-algebra introduced by
Arveson:

Universal factorizer of derivations into
C*-algebras;

Fails to be C'*-algebra, but it is a metrizable
pro-C*-algebra.
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and bad properties

A, a, 1S Its projection into A,,.



and bad properties

A, a, 1S Its projection into A,,.

ectrum: spy(a) = (U spy (ap).
peN(4)



Good and bad properties

Fora € A, a, IS Its projection into A,,.
m Spectrum: spy(a) = |J spy (ap).
peN(4)
= Functional calculus: f(a) = (f(ap))pena)-
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Good and bad properties

Fora € A, a, IS Its projection into A,,.

m Spectrum: spy(a) = |J spy (ap).
peN(4)
= Functional calculus: f(a) = (f(ap))pena)-

= No automatic continuity:
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Good and bad properties

Fora € A, a, IS Its projection into A,,.
m Spectrum: spy(a) = |J spy (ap).
peN(4)
= Functional calculus: f(a) = (f(ap))pena)-
= No automatic continuity:

C'(w1) and C'(wy + 1) are pro-C*-algebras in the
topology of uniform convergence on compacta;
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Good and bad properties

Fora € A, a, IS Its projection into A,,.
m Spectrum: spy(a) = |J spy (ap).
peN(4)
= Functional calculus: f(a) = (f(ap))pen(a).
= No automatic continuity:

C'(w1) and C'(wy + 1) are pro-C*-algebras in the
topology of uniform convergence on compacta;
C'(w1) — C(wy + 1) given by setting

f(wy) = lim f(x) fails to be continuous.

Ir—wW1
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Commutative case



nd duality

commutative unital C*-algebra.



Gelfand duality

A IS a commutative unital C'*-algebra.

» A(A) = multiplicative functionals p: A — C.
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Gelfand duality

A IS a commutative unital C'*-algebra.

» A(A) = multiplicative functionals p: A — C.
m A(A) is equipped with the w*-topology — compact.
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A Is a commutative unital C*-algebra.

A(A) = multiplicative functionals p: A — C.
A(A) is equipped with the w*-topology — compact.
Gelfand duality states:
Ar— A(A)
C(X)«— X

IS an equivalence of categories between
commutative unital C*-algebras and CompHaus®™.
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utative unital pro-C'*-algebras

commutative unital pro-C*-algebra.



Comimutative unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

» A(A) = multiplicative functionals p: A — C.
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Comimutative unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

» A(A) = multiplicative functionals p: A — C.
= A(A) is equipped with the w*-topology:
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Commutative

unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

m A(A) = multi

nlicative functionals p: A — C.

= A(A) is equipped with the w*-topology:

= A(A) is a Tychonoff space;
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Comimutative unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

» A(A) = multiplicative functionals p: A — C.
= A(A) is equipped with the w*-topology:

= A(A) is a Tychonoff space;
m A(A,) — A(A) is an embedding;
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Comimutative unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

» A(A) = multiplicative functionals p: A — C.
= A(A) is equipped with the w*-topology:

= A(A) is a Tychonoff space;
m A(A,) — A(A) is an embedding;

mAld)= U A(4);
pEN(4)
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Comimutative unital pro-C*-algebras

A IS a commutative unital pro-C*-algebra.

» A(A) = multiplicative functionals p: A — C.
= A(A) is equipped with the w*-topology:

= A(A) is a Tychonoff space;
m A(A,) — A(A) is an embedding;

mAld)= U A(4);
pEN(4)

mfor f: A(A) — R, if fia(a,) is continuous for
every p € N(A), thensois f.
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rm convergence on compacta

be a (Hausdorff) space.



Uniform convergence on compacta

Let X be a (Hausdorff) space.

m [C(X') = compact subsets of X.
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Uniform convergence on compacta

Let X be a (Hausdorff) space.

m [C(X') = compact subsets of X.

= For F C K(X), f: X — Y is F-continuous if f
IS continuous for every F' € F.
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Uniform convergence on compacta

Let X be a (Hausdorff) space.

m [C(X') = compact subsets of X.

= For F C K(X), f: X — Y is F-continuous if f
IS continuous for every F' € F.

m C'r(X) = F-continuous maps X — C, with
C*-seminorms pr(f) = sup |f(z)|, F € F.

xel
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Uniform convergence on compacta

Let X be a (Hausdorff) space.

m [C(X') = compact subsets of X.

= For F C K(X), f: X — Y is F-continuous if f
IS continuous for every F' € F.

m C'r(X) = F-continuous maps X — C, with
C*-seminorms pr(f) = sup |f(z)|, F € F.

xel

w Cr(X) isapro-C*-algebra.
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Uniform convergence on compacta

Let X be a (Hausdorff) space.

m [C(X') = compact subsets of X.

= For F C K(X), f: X — Y is F-continuous if f
IS continuous for every F' € F.

m C'r(X) = F-continuous maps X — C, with
C*-seminorms pr(f) = sup |f(z)|, F € F.

el
w Cr(X) isapro-C*-algebra.

= X is strongly functionally generated by F if every
map in C'z(X) is continuous.
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Generalized Gelfand duality

(GL and EIl Harti, 2005/6) Let A be a commutative unital
pro-C*-algebra.

International Category Theory Conference CT, June 25 - July 1, 2006, White Point, Nova Scotia, Canada — p.9/14



Generalized Gelfand duality

(GL and EIl Harti, 2005/6) Let A be a commutative unital
pro-C*-algebra.

mA(A)iss. f.g. by ®(A) ={A(A)) | p e N(A))}.
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Generalized Gelfand duality

(GL and EIl Harti, 2005/6) Let A be a commutative unital
pro-C*-algebra.

mA(A)iss. f.g. by ®(A) ={A(A)) | p e N(A))}.
" A= Cpp(A(A)).
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(GL and El Harti, 2005/6) Let A be a commutative unital
pro-C*-algebra.
A(A)iss. f.g. by ®(A) ={A(A,) |p e N(A)}.
A = Cp(a)(A(A)):

(GL and El Harti, 2005/6) The pair of functors

Ar— (A(A), 2(A4))
C]—"(X) N (Xv f)

form an equivalence of categories between commutative
unital pro-C*-algebras and the opposite of a suitable
category of s. f. g. Tychonoff spaces

tional Category Theory

CT, June 25 - July 1, 2006, White Point, Nova Scotia, Canada — p.9/14



CES

pace: Every IC(X)-continuous map is continuous.



T5 k-space: Every KC( X )-continuous map is continuous.

kHaus Is a coreflective subcategory of Haus.
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T5 k-space: Every KC( X )-continuous map is continuous.

kHaus Is a coreflective subcategory of Haus.
k-spaces are colimits of compacta in Haus.
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T5 k-space: Every KC( X )-continuous map is continuous.

kHaus Is a coreflective subcategory of Haus.
k-spaces are colimits of compacta in Haus.
(Brown, 1964) kHaus Is ccc.
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T5 k-space: Every KC( X )-continuous map is continuous.

kHaus Is a coreflective subcategory of Haus.
k-spaces are colimits of compacta in Haus.
(Brown, 1964) kHaus Is ccc.

(Dubuc and Porta, 1971) K -algebras = x-algebra
objects in kHaus (4 and - are k-continuous).
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T5 k-space: Every KC( X )-continuous map is continuous.

kHaus Is a coreflective subcategory of Haus.
k-spaces are colimits of compacta in Haus.
(Brown, 1964) kHaus Is ccc.

(Dubuc and Porta, 1971) K -algebras = x-algebra
objects in kHaus (4 and - are k-continuous).

Dubuc and Porta used £-i1fied compact-open
topology for A(A). We use the w*-topology
(pointwise).
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aCes

space: Space that is s. f. g. by Its compacta.



Kr-Spaces

T5 kr-space: Space that is s. . g. by Its compacta.

= A(A) is a Tychonoff kp-space.
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.
kg Tych spaces are colimits of compacta in Tych.
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.
kg Tych spaces are colimits of compacta in Tych.
(GL, 2002/3) kg Tych Is ccc.
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.
kg Tych spaces are colimits of compacta in Tych.
(GL, 2002/3) kg Tych Is ccc.

Tych=—— ;kR:]I'yc\h

g kr o
| Nk
T T N
I = N
N

|

|

|

Y Y
Haus =—=—<krHaus ===<’kHaus
kg k

(The dashed arrows are right adjoints.)
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.

kg Tych spaces are colimits of compacta in Tych.
(GL, 2002/3) kg Tych Is ccc.

kgr-1fication preserves the Tychonoff property.
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.

kg Tych spaces are colimits of compacta in Tych.
(GL, 2002/3) kg Tych Is ccc.

kgr-1fication preserves the Tychonoff property.
The Tychonoff functor preserves £ z-spaces.
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T5 kr-space: Space that is s. . g. by Its compacta.

A(A) is a Tychonoff kp-space.

kg Tych spaces are colimits of compacta in Tych.
(GL, 2002/3) kg Tych Is ccc.

kgr-1fication preserves the Tychonoff property.
The Tychonoff functor preserves £ z-spaces.

International Category Theory Conference CT, June 25 - July 1, 2006, White Point, Nova Scotia, Canada — p.11/14



_ Generalized
Stone-Cech-compactification



lgebra of bounded elements

ychonoff space X, 6X = A(Cy(X)).



The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.
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The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.

= Norm: || f||oc = sup |f(x)].
reX
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The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.

= Norm: || f||oc = sup |f(x)].
reX

If X € kg Tych, then:
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The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.

= Norm: || f||oc = sup |f(x)].
reX

If X € kg Tych, then:
= Ci(x)(X) = C(X) (as algebras);
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The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.

= Norm: || f||oc = sup |f(x)].
reX

If X € kg Tych, then:
= Ci(x)(X) = C(X) (as algebras);

B | f|lo = KS%X)pK(f)-
-
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The algebra of bounded elements

For a Tychonoff space X, 6X = A(Cy(X)).

» C3(X) = bounded continuous maps on X.

= Norm: || f||oc = sup |f(x)].
reX

If X € kg Tych, then:
= Ci(x)(X) = C(X) (as algebras);

B | f|lo = KSE?X)pK(f)'
-

= Cp(X) ={f € Oy (X) | [[flloo < o007}
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The algebra of bounded elements

If X € kg Tych, then:
m Ok (x)(X) = C(X) (as algebras);

|| = KSzI(DX)pK(f)-
=

8 Cp(X) = 1f € Cry)(X) | I flloo < 005

Let A be a pro-C*-algebra, and let a € A.
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The algebra of bounded elements

If X € kg Tych, then:
m Ok (x)(X) = C(X) (as algebras);

|| = KSzFX)pK(f)-
=

8 Cp(X) = 1f € Cry)(X) | I flloo < 005

Let A be a pro-C*-algebra, and let a € A.

B |ja||c = S}é&)p(a)-
pe
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The algebra of bounded elements

If X € kg Tych, then:
m Ok (x)(X) = C(X) (as algebras);

|| = KSzFX)pK(f)-
=

m Cy(X) = {f € Crex)(X) [ [[flleo < 00}
Let A be a pro-C*-algebra, and let a € A.

B |ja||c = S}ﬁ) )p(a)-
pe

8 Ay =1{acAlllaleo < o0},
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properties of A,

1y, || - [|s0) is @ C*-algebra.



properties of A,

1y, || - [|s0) is @ C*-algebra.
, 1S dense In A (in the topology of A).



Nicest properties of A,

m (Ap, | - ||so) I1s a C*-algebra.
m A, 1s dense in A (in the topology of A).
m A, depends only on the algebraic structure of A.
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Nicest properties of A,

m (Ap, | - ||so) I1s a C*-algebra.
m A, 1s dense in A (in the topology of A).
m A, depends only on the algebraic structure of A.

(GL and El Harti, 2005/6):
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(Ap, || - ||oc) 1s @ C*-algebra.
Ay I1s dense in A (in the topology of A).
Ay depends only on the algebraic structure of A.

(GL and El Harti, 2005/6):

(—)y: P4 — Cis a coreflector.

P4 = pro-C*-algebras and *-homomorphisms.
C = ('*-algebras and x-homomorphisms.
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Nicest properties of A,

m (Ap, | - ||so) I1s a C*-algebra.
m A, 1s dense in A (in the topology of A).
m A, depends only on the algebraic structure of A.

(GL and El Harti, 2005/6):

w (—)y: Pg — Cis a coreflector.

m (—): Pg — Cis exact.
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Nicest properties of A,

m (Ap, | - ||so) I1s a C*-algebra.
m A, 1s dense in A (in the topology of A).
m A, depends only on the algebraic structure of A.

(GL and El Harti, 2005/6):

)y: Pq — Cis a coreflector.

w If I is a x-ideal and A/ is complete, then

(=

m (—)y: Py — Cisexact.

I
(A/ D)y = Ap/ L.
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Nicest properties of A,

m (Ap, | - ||so) I1s a C*-algebra.
m A, 1s dense in A (in the topology of A).
m A, depends only on the algebraic structure of A.

(GL and El Harti, 2005/6):

® (—)p: P4 — Cis a coreflector.
m (—)y: Pg — Cis exact.

w If I is a x-ideal and A/ is complete, then
(A/D), = Ap/ 1.

= If A, I1s simple, then A Is a C*-algebra.
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(GL and El Harti, 2005/6):

(—)y: P4 — Cis a coreflector.

(—)p: Pqg — Clis exact.

If I is a x-ideal and A/I is complete, then
(A/D), = Ap/ 1.

If A, is simple, then A is a C'*-algebra.

Bounded and Unitary Elements
In Pro-C'"*-algebras, Appl. Categ. Structures, 14 (2006),
no. 2, 151-164.
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