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In [TY25] we study the following operation:

T

⊠

Spin(n)1

C

C′

Condense A T+ n
2

Symmetries of T ∈ a certain class of fusion 2-category C

⇝ classified by a cohomology theory
built categorically (supercohomology) [GW14]

Today: general story behind such cohomology theories.
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Definition
A categorical spectrum is a sequence of (∞, ω)-categories (∗)

C0,C1,C2, . . .

with equivalences Cn ∼= ΩCn+1. [Ker24,Mas,Ste]

(∗) See [LH23,Lou24,SP] & Martina’s talk next week.

Example

Delooping a symmetric monoidal category C⊗ gives a categorical
spectrum

C,BC,B2C, . . .

A spectrum is called connective if it arises like this.
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Underlying a categorical spectrum C is an ordinary Ω-spectrum C×

Program

1. How can we understand cohomology theories arising from
categorical spectra?
2. Which Ω-spectra underlie “intesting” categorical spectra?

In [Reu21] some results related to (2) & Kitaev’s conjecture by Johnson-Freyd-Reutter are announced.
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Example: reduced supercohomology

Reduced cohomology is a spectrum with π−1 = Z/2 and π0 = C
×

which appears in physics [GW14,GJF19].
The spectrum can be obtained by considering super vector spaces,

sVect,BsVect,B2sVect, . . .

shifting the spectrum to the right,

C, sVect,BsVect, . . .

and taking Picard groupoids:

rSH• = (C×, sVect×,BsVect×, . . . )
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Proposition

The cocycles in rSH• are given by

rSHn(X ,C) ∼=

{
α ∈ Zn−1(X , π0)

β ∈ Cn(X , π1) s.t. dβ = (−1)Sq
2
α

.

The operation (−1)Sq
2
: HZ/2 → Σ2HC× appears here because it

is the k-invariant of sVect×.

ΣHC× sVect×

HZ/2 Σ2HC×(−1)Sq
2
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Example: supercohomology

Supercohomology is a shift of the Picard groupoid 2sVect to
concentrate its homotopy groups in negative degrees

SH• = (C×, sVect×, 2sVect×,B2sVect×, . . . )

[JFR23] (also see David’s course this week)

Fermionic strongly fusion 2-categories are classified by a group Gb,
a class κ ∈ H2(BGb,Z/2), and a cocycle in SH4+κ(BGb), a version
of supercohomology twisted by κ.
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Proposition

The cocycles in SH• are given by

SHn(X ,C) ∼=


α ∈ Zn(X , π0)

β ∈ Cn+1(X , π1) s.t. dβ = Sq2α

γ ∈ Cn+2(X , π2) s.t. dγ = (−1)Sq
2β + f (α)

.

Σ2C× 2sVect×

ΣHZ/2 F Σ3C×

HZ/2 Σ2HZ/2

(−1)Sq
2

?

Sq2

7 / 7



Proposition

The cocycles in SH• are given by

SHn(X ,C) ∼=


α ∈ Zn(X , π0)

β ∈ Cn+1(X , π1) s.t. dβ = Sq2α

γ ∈ Cn+2(X , π2) s.t. dγ = (−1)Sq
2β + f (α)

.

Σ2C× 2sVect×

ΣHZ/2 F Σ3C×

HZ/2 Σ2HZ/2

(−1)Sq
2

?

Sq2

Question
What is the precise relation between such cocycles descriptions &
the Postnikov towers of these groupoids?

See [Arn] for an example of such k-invariant calculations. 7 / 7
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Question
What is the precise relation between such cocycles descriptions &
the Postnikov towers of these groupoids?

See [Arn] for an example of such k-invariant calculations.

danke schön!
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