Homework 4

1. (a) Find a vector function that represents the curve of intersection of
the paraboloid z = 422 + 3% and the cylinder y = 2.

(b) Find the derivative of the curve you found in (a) and the unit
tangent vector at t = 1.
Solution

(a) In order to find the curve of intersection we plug y = z? in 2z =

422 + y* and we get z = 42? + (2%)? = 42? + 2*. Then we choose
the parameter x = t and we have y = t? and z = 4t + t*. So the
vector function will be r(t) = ti+ 12 j + (4¢* +t*) k.

(b) The derivative of r(t) is
r(t) =i+ 2tj+ (8t +48°) k.

The tangent vector at t = 1 is /(1) =i+ 2j + 12 k and the unit
tangent vector is
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2. Find the point on the curve r(t) = (2cost,2sint, e'), 0 <t < 7, where
the tangent line is parallel to the plane v3z +y = 1.
Solution
We have 1'(t) = (—2sint, 2 cost, e’). The tangent vector to the curve is
parallel to the plane if and only if it is orthogonal to the plane’s normal
vector. The plane’s normal vector is (v/3,1,0). So we require

(—2sint,2cost, et) - (v/3,1,0) = 0
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and since 0 < ¢ < 7, we get ¢ = §. So the point on the curve where the
tangent is parallel to the plane is (2cos ¢, 2sin §, es) = (v3,1,€5).



3. Evaluate the integrals:

(a) [(ti+ gq7j—tintk)dt
(b) Oﬂ/ (sec?ti+ cos?tj+ 2t k) dt

Solution

(a)

(/tdt)u(/t%dt)j—(/tlntdt)k
:§i+1n(t+1)j—(§lnt—/ﬁdt)k

t? t?
tQ t2 2

where the third integral has been evaluated with integration by
parts and C is a vector constant.

(b)
w/4
/ (sec’ti+ cos®tj+ 2t k) dt
0

/4 /4 /4
:(/ SeCQtdt)H—(/ cos2tdt)j+(/ 2t dt) k)
0 0 0

w/4
=tant

7r/4 w/4
i+ (/ +eos(20)) dt) j+ 2] " K
0 0 0

5(1
1 sin(2t),|7/4, , 7
Tk
2 R RET:
sing  sin0, , 2
_ T x
BT
i 1 2
T T x
(4+2)‘]+16
1 2
T x
(8+4)‘]+16

4. (a) Find the unit tangent and the unit normal vectors T'(t) and N (t)
of the curve r(t) = (t?,sint — tcost,cost + tsint) for t > 0.
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(b) Find the curvature of r(t).
(c) Find the curvature at the point (%2, 1,3).

Solution

(a) We have

r'(t) = (2, cost+tsint—cost, — sint+t cost+sint) = (2t,tsint, t cost),

SO
Ir'(t)] = VA2 + 28in% t + 2 cos2 t = \/4t2 + t2(sin® t + cos? t)
= V482 + 2 = V52 = /5 ¢, since t > 0.
Then
' (t) 1 i 1 ,
T(t) = = ——(2t,tsint,cost) = —(2,sint, cost).
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T'(t) = —=(0,cost, —sint).
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T'(t)| = —=Vcos?t +sin’t = —=v1 = —
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and lastly
T'(t) 7
N(t) = ,( ) = @(0,cost,—sint> = (0, cost,—sint).
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(b) The curvature is
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5. Find the curvature of y = z* at the point (3, &).
Solution
We have ' = 423, 3y’ = 122% and by the formula 13.3.11,
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So the curvature at the point (3, 75) is
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6. Show that if a particle moves with constant speed, then the velocity
and acceleration vectors are orthogonal.
Solution
If a particle moves with constant speed then |v(t)| = ¢, for some con-
stant ¢. The acceleration is given by a(t) = v'(t). In order to show that
the velocity and the acceleration are orthogonal we need to show that
v(t) - v'(t) = 0. However,

a
dt
and on the other hand,

(v(t) - v(t)) = V' (t) - v(t) + v(t) - V() = 20/ (¢) - v(t)

So
d

d 2
%(U(t) co(t)) = pridi 0
and then 2v'(t) - v(t) =0, i.e. V() - v(t) = 0.

7. Find the tangential and normal components of the acceleration vector
of r(t) =11+ 3 j+ 5 k at the point (1, 1,1).

Solution

We have
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The point (1,1,1) corresponds to t = 1, where r'(1) = —i — 2j — 3k,
(1) = 2i + 6j + 12k, and
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= (—-24+18)i—(—-12+6)j+ (—6+4) k = —6i+ 6i — 2k.
So at the point (1,1, 1),
. r(1) (1) —2-12-36 _ =50
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. Draw a contour map of the function f(x,y) = In(2? + 4y?)

Solution

The level curves are In(z2+4y?) = k or 22 +4y? = €, which is a family
of ellipses:




