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We first verify that with regard to the action of D on A we have

- a = () "ar(d) (1)

for any d € D. Recall that the action of D on A is given by d - a = v(d)ay(d)™!. Tt
follows from this that
a1 = y(dVar(d ),

Note that
Yd)y(d™) = y(dd Na(d,d™") = v(e)ald,d ") = ega(d,d™') = a(d,d "),
where e denotes the identity in G. It follows that
Y(d™h) =~(d) " a(d,d ),

whence

-1 -
(d™) T =ald,d™t) y(d) (2)
for all d € D. The above equation will be used frequently. With this equation we
see that

a=~y(day(d)!

= y(d)a(d,d " )aa(d,d*) "' y(d)
= y(d)"a(d, dMa(d,d™") " ay(d)
=y (d) " ay(d),

where we have used the fact that A is abelian.



We also record for future reference that

a(b,ep) = alep,b) = eq forallbe D,

where ep denotes the identity of D; this follows trivially from the fact that y(ep) =
eq-

Page 513, first and fourth paragraphs; and Page 517, second paragraph

Let N C G be a normal subgroup of finite index. On page 517 we have an
isomorphism U : L*(G) — @ cp L*(N) by (Ug)a(t) = g(v(d)t) for t € N,d € D,
and g € L2(G). This map is well-defined because G = J 4epY(d)N. This choice of
notation is not optimal since U has been used elsewhere, so we will instead call this
map 6.

So we have the isomorphism 6 : L*(G) — @, L*(N) where g = ((09)a) ., i
given by (0g)q(t) = g(v(d)t). In the paper the map 6 is almost always suppressed

S

by using the notation g = (g4)4sep where g4 is defined by gq(t) = g(’y(d)t); in other
words, we write (0g)4(t) = ga(t); we will suppress the 6 in these notes as well. We

note that we can make the same definition for g € LP(G) for other p values, and

Proposition 0.1. For 1 < p < oo,

g€ LP(G) <= gs€ LP(N) for all d|

We will have more to say about the isomorphism 6 presently, and we will prove

the above easy proposition. We note in passing that

g(v(d)t) = g(d,t) = ga(t)

in the notation of the paper, for g : G — C; there is, however, a minor notational
inconsistency in the third paragraph of page 513, of which the reader should be
careful.

We note that for any g € L*(G) we have g = Y_ . p G, where g, € L*(G) is given

gct =
®) 0 otherwise

~ { g(t) iftery(c)N } = g(t)Lyon (1)



for all ¢ € G. We note that g. is not to be confused with g.; however, the two are

related: we have, for any n € N,

3 (v(c)n) = { g(r(e)n) Hte=> }

0 otherwise
) ge(n) ifc=0

0 otherwise
= 0Ob (n)ébc-

Hence (gp).(n) = gp(n)dp. for all n € N ie,

(9)c = Gu0be |. (3)

We now prove the simple proposition given above: suppose first that 1 < p < oo; if
g € LP(G) then gq(t) = g(7(d)t), and hence

Jlatorac= [ laGanrar< [ laGapra <o

and therefore g; € LP(N) for each d. Conversely, if g4 € LP(N) for each d € D, then

/Ig )| dt = /(cht dt = /’Zg 1o () ’pdtz/Gglg(tﬂplv(cw(t)dt

By linearity of the integral this becomes
Z/ ()P dt /|g f)Pdt = /\gc(t)|pdt< ~o.
ceD cD N
Note that this works because N is of finite index in G. This proves our little propo-

sition for 1 < p < oo, and the case p = oo is trivial. In these notes we are only

interested in p =1, 2.

Remark 0.2. We are now in a position to describe more explicitly the inverse of
the map 6 discussed earlier. We claim that for (g4)sep € H = @ ep L*(N),

0" [(9a)aen] = > _da € L*(G) |, (4)

deD
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where gy is as above with ¢ is defined by g(v(d)t) = gq(t). Since 6 is easily seen to
be a linear bijection, it does indeed have an inverse. And
()]0 =2 0a] 0 =3 6a),0
ceD ceD ceD
for all £ € N, and recalling our notational suppression of # this becomes
Z(@)d(t) = ch(t)écd = gd(t) = (Qg)d(t)
ceD ceD
Hence «9( Y eeD g;) = 0(g9) = (ga)aep and therefore formula (4) is justified.
We can analyze 6 in even greater detail by expressing it as a composition: first

define, for any d € D,

Li(N) = {g € L*(G) : supp(g) C 7(d)N}.

We denote the map g — (Qg)d from L*(G) to L*(N) by ;. Then it’s easy to see that
0a) 12(c) 18 an isomorphism from L3(G) onto L?*(N). With the natural inner product
on L*(G), we can recognize it as the internal direct sum of the mutually orthogonal
subspaces L3(G), ie the space of all sums {3, 5 Ga : ga € L3(G)}, which is just
the closed linear span \/ ., L3(G). We know from Hilbert space theory that each
g € L*(G) can be written uniquely in this form. We also know that this internal direct
sum is isomorphic to the external direct sum ;. L3(G) = {(da)aep : ga € L3(G)}.
Let’s call this isomorphism §; this is just the map which sends >, gq to (ga)aep-

Then 6 is the composition

2 2 5 2 Dalrzq) 2
L(G)=\/ L&) S P Lic) =" Prin.

deD deD deD
We see from this that

eg:l = (gcdcd)cED € @LQ(N) )

deD

which recaptures (3) and, by linearity of 6, gives another proof of (4). For our
purposes it is helpful to have all these maps explicitly at hand, so that we can use

them with confidence in doing calculations.
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Returning to page 513 of the paper, we recall the map in the paper given by

Vg = (ﬁd) deD" This can be written as the composition

)\
RN
07 (gaer —2F . Gaeo

where P : L?(A) — L%*(A) is the Fourier transform, where A C G is an abelian
normal subgroup of finite index. In the notation established, (Vg)q = ga-

Page 513 lines 13-14: Up to isomorphism G = {(d,a) : d € D,a € A} with
group product (b,a)(c,a’) = (be, a(b,c)(c™! - a)d’).

Remark 0.3. First note that this product is almost a semidirect product—it is off
by a cocycle factor; it could be called a “quasi-semidirect product”. We can write

the product in the notation
(v(b)a) (y(c)a’) =y (be)a(b, c)(c" - a)d,
and then for any v(b)a € G we have
= a (). (50)

If we wish, however, to write the inverse in the notation of the quasi-semidirect

product we can write

(b,a)~" = (07" [y(D)ay (6~ ). (5b)

Equations (5) still hold when A is not abelian, but the original group product formula

must be written in the less concise form

(b,a)(c,a’) = (be, a(b, c) (V(C)_lav(c)) a')

in this case.



Page 513, lines 26-28: For F' = (Fy)pccp in M,(Co(A)) define M(F) in
B(H) by for h = (h¢)eep, (M(F)ﬁ) = > cep Foche. Then M is a C*-isomorphism
of M, (Co(A)) into B(H).

Check: We use slightly different notation. To see that M is linear is trivial.
That M is injective is also easy: if M(F) = 0, that means M(F)h = 0 for all
heM=@,.pL*A), ie

b

> Fyche=0 forall heH andallbe D.

ceD
We can choose h such that hy € Lz(fl) and hy is nonzero everywhere on A, and
he = 0if ¢ # d. Then it follows from the above that F; 4 = 0 for all b € D. Since we
can do this for any d € D it follows that all the components of F' are 0, ie F' = 0.
We check that M is multiplicative. We have

(M(F) (M(G)h))d =" Fup(M(@)R),

beD

=3 Fu( X Goen)

beD ced

= Z Z FivGh.che

beD ceD

=3 FuuGche

ceD beD

= Z(FG)chh’c

ceD

= (M(FG)h),.

We check lastly that M is involutive. If F' € M, (C’O(A)) then we can write F
as a linear combination of its real and imaginary parts: F' = ReF + 1ImF', whence
F = ReF —ImF, where ReF and ImF are self-adjoint. We can also write

M(F) = Re(M(F)) + oIm (M(F)),

because H is a complex Hilbert space. If we can show that M takes self-adjoint ele-
ments of M, (CO (121)) to self-adjoint elements of B(H ), then it follows from linearity of
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M that Re(M(F)) = M(ReF) and Im (M(F)) = M(ImF), because a bounded lin-
ear operator can be written uniquely as a linear combination of self-adjoint bounded
linear operators. Hence M(F) = M(F), where

M(F) =Re(M(F)) — oIm(M(F)).

So let G € M, (CO(A)) be a real-valued symmetric matrix, e let G be self-adjoint in
M, (CO(A)). We check that M(G) is self-adjoint in B(H). Let g, h € H. We have

(M(@)g.h) = > (M(G)g) 1 ha)

deD

= Z < Z Gd,cgc; hd>

deD ceD

=3 (Guacge: ha)-

deD ceD
Now switching the order of summation and using the fact that G is real and sym-

metric this becomes

> (g, Geaha)

ceD deD

= Z <g07 Z Gc,dhd>

ceD deD

= {ge (M(G)R),)

ceD

= (g9, M(G)h)

Thus M(G) is self-adjoint whenever G is, and the argument made above verifies that
M is involutive, ie is a *-homomorphism.

NOTE: The definition of M really just says that M(F) is the element of B( @,.p, Lz(fl))
whose matrix components are the entries of the matrix F. See §2.6 of Kadison and
Ringrose for a good discussion on matrix components of operators on a direct sum.

Many of the calculations shown here can be presented more cleanly (fewer sums)
using matrixz components, and some checking is rendered unnecessary (eg., checking

that M is multiplicative).



Page 513, Proposition 1: For each f € L'(G), WAY¥ ! is in the range of M.
Let F(f) = M7 (WAFE¥!). Then F extends to a C*-isomorphism of C*(G) onto a
C*-subalgebra of M, (CO(A)).

Check. We consider the second statement of the theorem, which follows from

the first, which we will assume for now. Recall that
(@) = A (L)) !

where the closure is taken in B(L*(G)), and that C3(G) = C*(G) since G is
amenable. We know that A% (L!(G)) ¥~ is contained in the C*-algebra M (M, (C’O(A))) C
B(H) and that WAYWY ! is a unitary operator in B(#) for each f € L'(G) (the de-
tails are routine here). Note that here the map F does not itself extend to a C*-
isomorphism, since the closure of L!'(G) is not a C*-algebra; rather, what is meant
is that the map ¢ : \&(L'(G)) — M, (Co(A)) given by AG(f) = M~ (WAG(f)wT)
extends to a C*-isomorphism from C5(G) onto a subalgebra of M, (C’O(A)). Since M
is a C*-isomorphism it suffices to check that the convolution map ¢ : T — UTU~!
on B(H) is a C*-isomorphism, ie, that it is linear, multiplicative, isometric, and
involutive. Linearity follows simply from the linearity of W. Multiplicativity is also
easy:
P(AB) = UghU ™ = WAV ' WBU ! = ¢(A)p(B).

To see that ¢ is isometric we use the fact that ¥ is an isometric isomorphism to get

lo(T)| = 9T~
= Tv
= sup{[[TW""h| - h € H,||h]| = 1}
=sup{||Tf| : f € L*(G), ||fIl = 1}
= (1Tl
whence ¢ is isometric.

To see that ¢ is involutive, we write T" as ReT" +ImT', where ReT" and Im7T" are

self-adjoint, so that 7™ = ReT" — «ImT". We check that ¢ takes self-adjoint elements
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to self-adjoint elements in B(H). That ¢ is involutive will then follow from linearity
of ¢ and the existence of a unique representation of elements of B(H) as a linear
combination of self-adjoint elements.

Let S be self-adjoint in B(#H). Then since ¥ is unitary, ¥* = ¥~! whence

P(S) = (WSTH* = (U)W = USTU ™" = ¢(S).

Page 514, line 5: Should read hy € L*(A).
Page 514, lines 9-10:

Z /A flc, a)h((c, a)~'(d, a’)) da

ceD

Check. This boils down to showing
(c,a)"Y(d,d') = (¢ 'd, e, c ') H(d 7 e) - a7 M]d).
Recall that G has group product
(b,a)(c,a’) = (be, a(b, ) (v(c) ay(c))a)
and inverse

(b,a)™t = (b1, [y (D)ay(b™H] ).
So



Now observe that

Y(e)y(e™ d) = y(cc™ d)ale, ¢ d) = y(d)a(c, ¢ d),

and thus
v(e) My (d)a(e, ¢ d) = (),
and hence
() y(d) = y(c d)ale, ¢ )T
Therefore

(0,0)1(d, ) = (¢, y(e ) a (L dale, ) )
— (¢7'd, (d"¢) - a ale, ¢ ) Nd)
= (c_ld,oz(c, ctd) "t (d te) 'G_la/)a

where we have used the fact that A is abelian. This proves the desired equality.

Remark 0.4. Note that we did not need to use the cocycle identity in the above.
We also note that the remaining calculations in the integral on p. 514 follow from

translation-invariance of the integral.

Page 514, lines 17-19 showing that WA W™ is in the range of M.
Check. We define a matrix M by My, = g1 4, where 7 is defined by

Nea(a) = fo((c7'd) - (alec,c7'd)""a)) for each a € A.

Then
(MR, =" MaP(he) = faetaP(he):

ceD ced
From Proposition 2 proof: Check: Let g € L?(G), and let h = ¥g. We
use Proposition 1 from the paper, but with slightly different notation. For
f € LY(G) we define .4 € L*(A) to be a function equal to f.((c"'d)- (a(c,c'd)a))

for almost every a € A. We have
(@AF (1), = (¥AF)(9), = (P (AF(9)) ;= (¥(f  9))
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By Proposition 1 in the paper the above is equal to

> aeraP(9e) = Y lae 1 aP (U ).

ceD ceD

= g dP(P " he)

ceD

= e ahe

ceD

Defining M € M, (C’o(fl)) by M.4 = fge—1.4, this becomes

> Myche = (M(M)h),.

ceD

Altogether we have

UAGT ™ h = M(M)h for all h € H = @) L*(A),

ceD

ie UAGU™ = M(M), or
M = M (UAFEY) = F(f).

Therefore F(f)pe = My = T-15. In particular, F(f)pe = Tpe-15 = Top. For a.e.
a € A we have that ny,(a) = f,((b67'0) - ((b,b7b)'a)) = fy(a). Thus F(f)pe = o,
which is the formula in line 27 of p. 515.

Page 514, the formula in Proposition 2: Check. We know that (.7-"(f))bc =

m. Using the translation-invariance of the integral we calculate
a0 = [ L(¢7d)- ale.ed) a)x() da
= /Afc((c_ld) -a)x(a(c,c'd)a) da
= x(ale,c'd)) /Afc((c_ld) -a)x(a)da,
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since y is a homomorphism. This becomes

/fc (c'd)™' - a) da
a(c,c7'd)) /fc (c'd) - x))(a)da
—X( (e, ) fe((e7'd) - %)

Page 515, line 11: Then, for any y € G and f € L'(G), p(y)AFp(y)* = A§. Thus

(F())}. () = o1 6(x)
= x(a(be™, b™'0)) Foer (b)) - X)
= x(a(be™ ) fremi (e - X),

which is the formula in Proposition 2.

Check: This is easy. Recall that A € B(L*(G)) is defined by X§(g) = f * g, for
all g € L*(G). We sometimes write A§ = A\9(f); then \“ : L'(G) — B(L*(G)). The
map p is the unitary operator on L?(G) given by p(y)g(x) = g(xy) for all z,y € G.
We also have p(y)~' = p(y™') for any y € G, because p is a homomorphism. We now

calculate:

(W)X p(y)1g(x) = (p(y)AF)g(ay™)
= p(y)(AF(9)) (zy™)
= p(y)(f * g)(zy™)
= (f*9)(zy"y)
= (f*g)(x)
= A (9)(@).

So p(y)/\?p( Y'g = \¢ Ggforall g € L*(G), and hence p(y))\?p(y)* = )\jcf for all y € G,

as desired.

Page 515, lines 13—-14: for any b € D and x € A,

(U(d)h),(x) = d=1 - x(a(b,d))ha(d™" - x),

12



where h € H =@, L2(A).

Check: Recall that in the paper p is the right regular representation of G on
L*(G), ie, p(y)g(z) = g(zy) for g € L*(G), z,y € G. Recall that the map U is
defined by

U(d) = Up(y(d)) T~ € B(@L?(A))

deD
for each d € D. Welet g = U~'h € L*(G@). From what we have established previously

we know that for b € D we have

[Wlp(v(d) T~ )], =

Putting these together we have

[Tp(v(d)T~"R],(x)

>
—
)
—
.
SN—
N—"
=,
o
—
=
N—
>~
—
=
N—
o
)

g(v(bd)a(b, dyd™ - a)x(a) da

sa((b,d)(d™ - a))x(a) da

—r

gra(a(b, d)a)x(d - a) da,

where the last inequality follows from the translation-invariance of the Haar integral.

Recall that the action of D on A induces an action on A given by (d-x)(a) = x(d~"-a).
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With this and further use of translation-invariance the above becomes
[ gulat.d0) @ 0@ da = [ gula)@ 0 (alb.d) a) da
A A
=@ 0. [ au(@(@ (e da

= (d™" - x)(a(b,d)™") (P(gsa) (d" - x)
= (d=" - x)(a(b,d)) hya(d™" - x).

Putting these together completes the calculation.
Page 515, line 15

(U@)n),(x) = x(a(bd™", d)) hya-1(d - X)-

Check: The calculation is similar to the previous one, but more involved. Since

each of the maps making up U(d) is unitary we have

U(d)* = U(d)™ = Up(y(d)) oY

since p : G — B(L?*(G)) is a homomorphism, the above becomes
U(d)* =U(d)™" = Up(y(d)~") ¥

As in the previous calculation we let h € H = @, L*(A) and g = ¥~'h € L*(G).
We have

(e (r(@) ) e A]], = Plp(3(@) ) ¥ "h), ]
P

[(p(+(@)7)9),]

Note that for a € A and b € D we have



If we recall our formula for (d)~! the above becomes

g (B ald,d) - a) = g(4(bd Vb, d Va(d,d")d -a)
= Qpg-1 (a(b, d Ha(d,d ") d- a).

Putting these together and using the translation-invariance of the integral as before

we have

W (y(d) )T h], (x) = / [p(v(d))g], (@)x(a) da

gra- (a(b,d He(d,d™")"d - a) x(a) da

gbdfl(oz(bd Ya(d,d 1) ) (d'-a)da

gbd*1<a(bd ) (d,d” ) )(d-x)(a)da

Gra-1(a)(d - x)(a(d,d )a(b,d")"a) da

) (ald, dVa(b,d 1)) / gha-1(a)(d - x)(a) da

= (d- x)(e(d,d"" )b, d™") ) hyg-1(d - X).

I
N o——

Now

(d-x)(ald,d a(b,d™) ") = x(d™" - [a(d, d")a(b,d™") ™))

=x(v(d)" a(d, d)a(b,d") " (d)).

It is easy to verify that

a(d,d™") = y(d)a(d™", d)y(d) ",

whence

)" ald,d™) = a(d™, d)y(d) .
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Thus

(d-)(ald, dMa(b,d)™")

(a(d™, d)y(d) " a(b,d™) " '(d))
(a(d™, ) y(d) " (b, d)y(d)] )
(a(b,ep)a(d™,d)[d " - a(b,d )] )
(o
(ax(

«

d
d-

(0%

alb,d” d)a(d ™ d)[d " - a(b,d)] )
a(bd ™, d)),

I
= = = X X

where in the third equality we use the fact that «(b, ep) = eg, and in the last equality
we have used the cocycle identity. This completes the calculation.
Page 515, lines 15-16 For F' = (F})pcep In Mn(CO(A)),

[U(d)M(F)U(d) hly(x) = D _(d" - x) (alb, d) " ale, d)) Foaeald ™" - x)he(x)-
ceD
Check: We simply apply the maps. We recall that M : M,, (CO(A)) — B(®Dyep LZ(A))
is defined for each F' = (F}.)pcep in M, (CO(A)) by (M(F)h)b =Y cep Foche, for
each h € @, L*(A). For such h and F' we have

)™)Y Fao(d™ - x)(d™ - x) (eled ™ d)) heg1 (d - (d7" - X)).
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If we make the shift of indices {cd : ¢ € D} = {c: ¢ € D}, the above becomes

(@ X) (b, d)™) Y Fraeald™ - x)(d™" - x) (e, d)) he(x)

ceD

= Z(dil x) (b, d)  ale, d) Fyaea(d™ - X)he(X),

ceD

where we have used the fact that d=! - y is a homomorphism.
Page 515, line 17 Thus conjugation by U(d) leaves the range of M invariant
Check: Forh € @, L?(A) we must show that we can express [U (d) M (F)U(d)*h),
as the bth entry of M(G)h for some G € M, (C’O(fl)). Comparing the forumlas

(M(F)h)b<X) = Z Fb,c(X)hc<X>
and

[U(@MEY @) Bl(x) = D _(d" - x) (b, d) ale,d)) Faeald ™ - X)he(x),

ceD

we see that defining

A

Gre(x) = (d™" - x) (b, d) a(e, d)) Fygea(d™ - x) € Co(A) (6)

then

for all y € A and all h, whence
U(d)M(FYU(d)*h = M(G)h

for all h, e,

U(dM(F)U(d)* = M(G). (7)
This shows that the range of M is indeed invariant under conjugation by U(d).

Remark 0.5. We note that the above matrix GG also gives us the formula in line 19
of the same page. Indeed, we define 8 : D — Aut((Mn (C’o(fl))) by

B(d)(F) = MY (UM(F)U(d)*) for all F € M, (Co(A)),
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(we verify later that 5(d) is in fact an automorphism,) and formula (7) says that
pld)(F) =G.
Thus the coefficients of 5(d)(F') are given by (6).

Page 515, lines 19-20 further easy computations show that £ is a homomor-
phism of D into the automorphism group of M, (C’O (121))

Check: We must check that 5(d) is injective and surjective for each d € D. We
must check that §(d) is a ring homomorphism. We must also check that g is a group
homomorphism. As before, we let H = @, ), L2?(A). We utilize the fact that M is a
C*-isomorphism of M, (C’O(/l)) into B(H). We show that 5(d) is an isometry: since

U(d) is a unitary operator we have

1B = MU (ME)U ()]
= [T @MU @)
= [[M(F)U)"]|
= sup{|[M(E)U(d)"h|[ - h € H, ||hl| = 1}
= sup{|M(F)f|l : f € L*(G), [If]l = 1}
= [[M(F)][.

Thus 5(d) is an isometry for each d € D. (§(d) is linear because M and U(d) are.
If 5(d)(F) = 0, where 0 is the zero matrix, then M(F) = 0 and therefore F' = 0,
which proves that §(d) is injective. To see that [(d) is surjective, we note that for
any F € Mn(C’O(A)) we have that F' = S(d)[M ™ (U(d)*M(F)U(d))]. We verify
that 5(d) is multiplicative as follows: for any F,G € M, (C’O(fl)) we have

BA)(FG) = M (U(M(FG)U(d)")

MU (dM(F)YM(G)U(d)")

M U(M(F)U(d)U(d)M(G)U(d)")
B(d)(F)B(d)(G),

F)
F)
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where we have used that M is multiplicative. So 5(d) is a bijective ring homomor-
phism from M, (C’O(/Al)) onto itself; ie 5(d) is an automorphism of this ring; it is in
fact a x-homomorphism, as one can easily verify.

To check that £ is a group homomorphism is a little more involved: we first see
how U(bc) comes out: we note that since v(b)y(c) = v(be)a(b, ¢), we have v(bc) =
v(b)y(c)a(b,c)~t. Thus

U(bc) = Wp(vy(be)) U

B(bc)(F ) = MU (be) M(F)U (be))
c\Ilp(( ) ) _IM(F)\IIp(oz(c,b))\Il_lU(c)*U(b)*]

The above requires verifying a step in greater detail: we claim that for any a € A,
Upla YU M(F)Up(a)U™ = M(F).
We first observe that for a € A, (p(a)g)C = p(a)g., because for any = € A,
(p(a)g) (x) = (p(a)g) (v(c)z) = g(v(c)za) = gc(za) = p(a)g.(x).

So in this case Up(a)¥~! = @G Pp(a)P~!, and for h = (h.)eep € H it suffices to

determine how the above map acts on the bth component h,. We also know from
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Fourier analysis that P[p(a)ge](x) = x(a)P(ge)(x), for all x € A. If we let g = U~ 'h,

so that g, = hs, then by definition Pp(a)P~h, = P(p(a)gy). Now

[ME)Ep(a) U hlo(x) = Y Foe()[Pp(a) U hle(x)

ceD

We must now apply Pp(a~')P~! to this. We must calculate

Plo(a YP ' Fyo(x)x(a)(Pge) (X)]

First we note that for each w € A,

P (Fne 00X (@) (P () (w) = / B ()X (@) (Pge) COX (@) d.

and hence

Therefore taking P of this gives
Plpa™ )P~ Fy(x)x(a)(Pge) (X)] = Fyche.
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We have shown that
(Pp(a™ )P IM(F)Tp(a)T Al = > Fyche,
ceD

whence
[Wp(a™ ) TM(F)Up(a)¥ " hly = Fyohe = [M(F)h]s.
c€D
This establishes what we wanted to show.
Page 515, line 24 Then, for any f € L'(G), p(y(d)))\]qp(y(d))* = A§ implies
that F(f) € M,(Co(A))".
Check: Recall that F was defined from L'(G) to M, (Cy(A)) by

F(f) = MTH(BAFT)

for f € L'(G), and that it was shown in Proposition 1 that JF extends by continuity to
a C*-isomorphism of C*(G) onto a C*-subalgebra of M,, (C’O(A)). For any f € L'(G)

we have
F(f) € My (Co(A)” = B(d)(F(f)) = F(f) forallde D.
By definition,

B(d)(F(f)) = Bd) (M (EAFE)
= MU()M(M NGO U(d)*]
= MU(d)UAG YU (d)*].

Since U(d) = Up(vy(d)) ¥, this becomes
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as desired.

Pages 515-516, F(L'(G)) is dense in M, (CO(A))D.

Check. We examine the first statement, which says that for fixed F' € M, (CO(A))D
and € > 0, we can choose § > 0 so that F’ € Mn(CO(/l)) with ||Fy . — Fpelloo < 6 for
all b,c € D implies ||F" — F|| < . Recall the definition of ||F|| for F' € M, (C’O(A)):

£ ZSHE{HF(:U)H}-

Here the norm on the matrix ||F'(x)| can be any norm, since all norms are equivalent
on a finite-dimensional vector space. So let us fix this norm to be the max norm, ie

1E (@) ]lmax = sup [[F'(2)]p.ll = bsi%ll(Fb,c) ()]

b,ceD

Thus

1F" = F|| = sup { | (F = F) ()]}

€A

= Sup sup {IF - F)b,ceD(x)”}
zeA b,eceD

= sup sup {H(F/ - F)b,ceD(x)”}

b,ceD pc A
= F'—F o
S {(F = F), eplec
- H H (FI B F)b,cHOOHmaX'

If, instead of the max norm on the n x n complex matrices we had chosen some
other norm, such that the operator norm, then by the equivalence of the norms the
above would simply become an inequality with some constant factor. Thus the e
statement above becomes clear.

Now we consider the next statement: for each b € D, pick f, € L'(A) such
that ||ﬁ — F,e]] < 6. We can do this because, as indicated earlier in the paper,
{f:feL'(A)}is dense in (Co(A), || - ||oo). Also, since (.7-"(f))b,e = f,, this means

I(F(f) - F)b,e||oo = ||(]-"(f))b7e — Fyello <9 forallbe D. (8)
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The next sentence says: Define f € L'(G) by f(b,a) = fy(a), for all b € D,

a € A. In the terminology we defined in these notes, this is simply to say take

[ = 9_1((fb)beD)-
Now we verify the formula in the Remark on p. 516: for each F' € M, (C’O(A))D

we have
Fb,C(X) = (C ’ X) (Oé(b7 c_l)_la(cu C_l))Fbcfl,e(c ’ X)7 for X € A and ba ceD. (9)

This equations comes from the fact that, by definition of F' being in the fixed point
algebra, f(d)F = F for all d € D. Indeed, if we recall equation (6):

[6(d) (F)]b,c(X) = (d_l ' X) (Oé(b, d)_loz(c, d))de,cd(d_l : X)

and consider 3(c™')F(x) = F(x) component-wise we get equation (9). Remark:
formula (9) proves the statement that precedes it in the paper, and is also useful for
proving the density argument, to which we now return.

From equation (9) we see that

I(F(f) = F), e = sup | (F() = F), (01

= sup (e ) (o) Mo, ) (FU) = F),s o)
= 5| () = (e )

= [(F() = ) Ml

Since we can make this less than § for all b,c € D, we have || Ff — F|| <e.

Page 516: The Example

Before addressing the example in Keith’s paper, we give some background on
the group pg which is used for that example. We let GL,(R) denote the group of
invertible linear transformations of R™ with identity element id. For x € R™ and

L € GL,(R), define [z, L] on R™ by [z, L]z = L(z + z). We define
Aff(R") = {[z, L] : 2 € R", L € GL,R};
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this is a group with multiplication,
[z, L]y, M] = [M '@ + y, LM]
inverse,
(v, L] = [~ Lz, LY

and identity [0, id], the identity transformation on R™. The group of translations in
Aff(R™), explicitly
{lz,id] : = € R"},

is a normal subgroup which we denote by Trans(R"™). Let ¢ : Aff(R") — GL,(R) be
given by ¢([z, L]) = L; q is a homomorphism onto GL,(R) with kernel Trans(R™),
so that

AfE(R") /Trans(R”) = GL,(R).
Let O,, denote the group of orthogonal transformations of R™ and let

Isom(R") = {[z, L] € Af(R"): L € O,};

this is a closed subgroup of Aff,(R"). A subgroup I' of Isom(R") is called a crystal

group if it is discrete and co-compact, ie R" / I' is compact, where, by definition,
R* /0 ={[s]: z e R"},

where [z] = 'z = {[z, L]z : [z, L] € T'}, the T-orbit of z in Aff,(R). We make the
collection of orbits into a group by defining the group product on representatives of

equivalence classes.

Exercise 0.6. I' is co-compact if and only if there exists a compact K C R" such

that Uy, rjeplz, LJK = R" (and this union is ae-disjoint—check!)

We give R" / I' the quotient topology, e, the strongest topology that makes the

canonical quotient map z — 'z € R” / I' continuous.

24



Let I be a crystal group, and let
D=ql)={Le€0O,:[z,L] €T for some x € R"}.
Then D is a finite subgroup of O,, called the point group. We define
A=TNTrans(R") = {[z, L] € I : L =id};

this is an abelian normal subgroup of T, and is the kernel of ¢|r; thus I’ / A= D, by

the first isomorphism theorem.

Exercise 0.7. There exists {u, ug,...,u,} C R"™ such that span{uy,ug, ..., u,} =
R™, and

A= { [ kusid] s (oo k) € 20,
=1
so that A = Z". j

The example described in the paper is the two-dimenional crystal group I' = pg,
illustrated below. If we choose u; as a basis vector parallel to the horizontal axis and
uo as a basis vector parallel to the vertical axis, then this group tiles the plane by
integer shifts and a half-integer glide reflection. A glide reflection is what it sounds
like: a reflection together with a translation (or glide). Explicitly, the glide reflection
is [(k + %)ul, o], where o is the element of O, that fixes u; and sends uy to —uy. We
know from algebra that I' is partitioned by the cosets of A. The cosets are fibers
over elements of D, with respect to the homomorphism ¢|r. For each L € D, we let

v(L) be a coset representative for the coset that is the fiber over L. Thus
r=Jv(D)A
LeD
Then v : D — T is such that g oy = idp. 7 is a cross-section for the equivalence
relation ~ on I' given by [z, M] ~ [y, N] <= q([z, M]) = q(ly,N]) <= L = M;
(D) is a transversal for ~ —a subset of I that meets each coset of A exactly once.

This is the same meaning v has had throughout.
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Figure 1: The wallpaper group pg. The vectors u; and u, form a basis for R2.

For the group I' = pg, we can take v(idp,) = [0,ido,] and y(c) = [fu;,0]. We

have
pg =(id)AU~(0)A,
or

pg = {[kuy + juo,id] : k, 7 € Z} U {[(k + %)ul + jug, 0] s k,j € Z}.

We have also seen in the paper by Keith Taylor how the group D acts on A: for
d € D and a € A, we have d - a = y(d)ay(d)™!; and how this gives rise to an action
of Don A: d-x = x(d-a) for each y € A. We now introduce the notation of the
example in the paper: we note that the group I' = pg we described above can be
expressed as

G={(1,m,n),(=1,m,n):m,n € Z},

with group product given by the following table (note multiplication is row - column—

this group is noncommutative):

row header - column header ‘ (1,m,n) (=1,m,n)
(1, k1) (Lk+m,l+n) (-Lk+m,n-—1I)
(=1, k1) (—Lk+mi+n) (1k+mn—1)

26



This description can be realized under the mappings

[kul +ju27ld] = (17j7 k)?
[(k + %)ul +jU2,0'] = (_]'7j7 k)

We have A = {(1,m,n) : m,n € Z} = Z*, and D = {1,—1} = Z/2Z. Identifying
A with Z? via (1,m,n) — (m,n), the dual group A = {y* : (m,n) s ™« (mn)
m,n € Z} consists of homomorphisms from Z? into S! that are Z?-periodic in the w

domain, and hence
A =t {XW . Xw(m,n) — eQm,w-(WL,n) and w c [_%7 %)2} ~ T2,

where T? is the torus:
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Figure 2: The Torus

The torus can be parametrized over the domain [—%, %)2 C R? as above or,

alternatively, it can be expressed in terms of complex parameters:
T2 — {(z,w) : z,w € C,|z| = |lw| =1} = gl « g1

The latter parametrization is can be deduced from the former by writing w = (wy, ws)
so that

2miwen . . m, . n

2miw-(m,n) __ e27rw11m 2™y
- )

(§] [§

where z = 2™ and w = e>™1. Thus for (z,w) € T? we have y** € A defined by
XY (1,m,n) = z"w" for all (1,m,n) € A.

A remark on the representation of C*(G) as the algebra of matrix-valued functions
of the form given in Keith’s paper: it would be better notation to express the matrix
entries in terms of Fj; where k = 41, since it was remarked earlier that the algebra
can be realized as the matrices {F.q} whose e-column {F,.. : ¢ € D} determines the
whole matrix by D-invariance, according to the formula (9). So it would be more
consistent notation to say that C*(G) is isomorphic to the algebra of matrix-valued

functions F on T? of the form:

- FM(Z,U}) ZF_H(Z,@)
F(z,w) = ( Fo(ew)  Fulem) ) . (10)

Then the map which restricts F in M,(C(T?)) = C(T?, M»(C)) to Q pro-
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vides an isomorphism of C*(G) with
{F € C(Q,M(C)) : F(z,£1) € R,, for each z € T},

where
Q= {(z,w) € T? : Im(w) > 0},

RZ:{(“ Zb) :a,be@},
b «a

a *-subalgebra of M,(C).

Check: We must verify that the map is one-to-one, onto, and an algebra ho-

and

momorphism. We know that C*(G) is isomorphic to the algebra of matrix-valued
functions F' on T? of the form (10) above. Let’s first show that F' +— F|q is onto.
Let

¢ ={F € C(Q,M(C)) : F(z,£1) € R., for each z € T},

i F
o o fe)
For Iy
Let Q* = {(z,w) : (2,w) € Q}, so that T? = QU Q*, and this union overlaps only

when (z,w) = (z,w), which is to say, on {(z,41) : 2 € S1}. Consider the element of
H € M,(C(T?)) defined by

and let

<F22(z,w) 2 Fy (2, W)

_ ZF5(z,w)  Fii(z,w)

( Fii(z,w) Fia(z,w)
Foi(z,w) Fpo(z,w)

> if (z,w) € Q*
H(z,w) =

) if (z,w) € Q.
This is our candidate for an element in the preimage. Note that H is well-defined

because F' € ¢, which implies that Fy(z,£1) = Fi1(z,£1), and Fia(z,£1) =
ZF21<Z,:|:1).

29



For (z,w) € Q* we have (z,w) € €2, and hence
Hys(z,w) = Fi1(z,w) = Hy(z,w) for (z,w) € QF;
and moreover, for (z,w) € 2 we have (z,w) € Q*, so that
Hoy(z,w) = Fo(z,w) = Fao(z,w) = Hyy(2,w) for (z,w) € Q.
Thus Hys(z,w) = Hyy(z,w) for all (z,w) € T?. Similarly,
His(z,w) = 2Fy (2,w) = zHy (z,w) for (z,w) € O
and

Hi(z,w) = Fia(z,w) = 2[zF12(2,W0)] = 2Hy (2, W)  for (z,w) € 9,

whence Hio(z,w) = 2Hoi(2,w) for all (z,w) € T?. Therefore H corresponds to an
element of C*(G). Finally, that H|o = F' is immediate from the way we defined H.
Thus we have shown that ' — F|q is onto.

Next we note that F' — F|q is trivially seen to be an algebra homomorphism.
From this it follows that to verify that it is one-to-one, we need only check that it

has trivial kernel. Suppose that F|o = 0. the zero matrix in M, (C(T?)), where
Py, F
F=["" "2 em(T?).
Fy Fy
Since F corresponds to an element in C*(G), we know from (10) that
FQQ(Z', 'LU) = FH(Z,E) for all (Z,’LU) € TQ, (11)
and that
Fio(z,w) = 2Fy (z,w) for all (z,w) € T2 (12)

Thus

F F w
F(z,w) = n(zw) 2F(zw) for all (z,w) € T?,
Fgl(Z, U}) F11<Z,w)
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and this is equal to the zero matrix when (z,w) € €. This implies that
Fii(z,w) = Fi1(2,w) =0 when (z,w) € Q,

which is to say that Fy; = 0 on QU Q* = T2 Tt follows from (11) that Fy, = 0 on

all of T2. Moreover,
2F5(2,W) = Fy(z,w) =0 when (z,w) € Q,

whence Fy; = 0 on all of T?; it follows from (12) that Fy» = 0 on T? as well. We've

shown that F' = 0, which concludes the argument.

From The Addendum

Page 517, line 7 As noted before, we will use the letter 6 instead of U, since U
has been used elsewhere. Thus for h € L*(G) we have

Oh = ((Qh)d)

deD’

where
(Oh)a(t) = ha(t) = h(d,t).

Page 517, second paragraph The maps p and \¢ were defined on pages 515
and 512 of the paper, respectively.

Page 517, third paragraph Notice the similarity between the map \ defined
here and the map M defined earlier in the paper.

Page 517, line 20 It is casy to see that for f € L(G), UXC(f)U* € M, (C5(N)).
Check: As mentioned above, we use 6 instead of U. We must show that
OXC(f)0* € range(\) for all f € LY(Q).
So we must find a matrix F' = (F}.)pccp such that
OX ()0 = M(F)se).
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This can be expressed componentwise as
(0)‘G(f)9_1(hb)beD)d = (5\( (ho)bep) Z MY (Fap)hy = Z Fap * Iy,
beD beD

for each (he)eep € @D,.cp L*(N), and where the convolution above is over the group
N.
First we note from (4) that

0~ ((ho)vep) Z h, € L*(G

beD

where

for all t € G. Now we have

AC(F)O hoYoer = A () (D t) = 5 (D ) =3 fx 1,

beD beD beD

where the convolution here is over G. Writing f =" fc, we have
MO (holvep = > (D fe) = hu.
beD ceD
We wish to find the d-th component of this, e
(OXY ()0~ (hw)ee) Z Z fe) * hb
beD ceD

For any ¢t € N, we have

Z ch *hb Z ch >"hb )

beD ceD beD ceD
Thus we would be done if we could write

(S 72) * ] (v(@)t) = (Fag  h)(1)

ceD
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for any ¢ € N, for an appropriate Fy;, € L*(N). The left-hand side is equal to

/ch Yo (7 (d)t) dy

ceD

= /G (O F W) Lyon @) by 1 d)t) Lywyn (v~ v(d)t) dy

= (de * hb) (t),
where
de Z f ) v(c)N (7(d)y’7(b)_1) € LI(N)a

in the above string of equalities we have used the left and right translation invariance
of the Haar integral on the (unimodular) group G. The formula for F,;, may be

simplified as follows:

Ly (V(d)yy(0) ™) = Lya)-1y@nm) (%),

and we are integrating over NN, so the above indicator function is nonzero only when

y € NNy(d) " y(c)Ny(b).

This holds precisely when
v(d)""y(e)y(b) € N.
If ¢ = db~! then one can check that



Since the cosets partition G, this is the only value of ¢ for which 1,¢)n (v(d)yv(b)*l)

is nonzero. Thus we have

Fap(y) = fF(7(@yy(0) ™) Lyiap-1yw (7(d)yy () ).
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