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interfaces. One mesa consists of 2 interfaces: one connecting u_
and u4 and one connecting vy and u_.
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Introduction

Introduction

Consider the system
Uy = g+ fu,w)
0 = Dwy +g(u,w)
with Neumann boundary conditions.
We consider mesa patterns, that is, solutions that consist of sharp

interfaces. One mesa consists of 2 interfaces: one connecting u_
and u4 and one connecting vy and u_.

By reflection, a single mesa can be extended to a symmetric K
mesa solution, consisting of 2K interfaces.

We consider the stability of these patterns by examining the
eigenvalue problem.
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Eigenvalues

Eigenvalues

We linearize about the steady state and obtain the following
eigenvalue problem

Ao = 20" 4 fu(u, w)g + fiu(u, w)y (1)
0 = DY+ gu(u,w)d + guw(u,w)i (2)
with Neumann boundary conditions.

To analyze this, we first consider this problem with periodic
boundary conditions on the interval [—L, L]:

¢(L) = z¢(—L), ¢'(L) = z¢/(=L),9(L) = zip(-L), ¢'(L) = z¢(-L)

wherez:exp(27,r<ik) fork=0,...,K—1.
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Eigenvalues

Eigenvalues

We linearize about the steady state and obtain the following
eigenvalue problem

Ao = 20" 4 fu(u, w)g + fiu(u, w)y (1)
0 = DY+ gu(u,w)d + guw(u,w)i (2)
with Neumann boundary conditions.

To analyze this, we first consider this problem with periodic
boundary conditions on the interval [—L, L]:

¢(L) = z¢(—L), ¢'(L) = z¢/(=L),9(L) = zip(-L), ¢'(L) = z¢(-L)

wherez:exp(%) fork=0,...,K—1.
Then this solution can be extended to the whole interval
[—L, (2K — 1)L] with periodic boundary conditions.



Eigenvalues

Eigenvalues: Periodic Boundary Conditions

Consider one mesa on the interval [—L, L]. Denote the interface
locations by ¢. The eigenfunctions are estimated as

¢~ cruy, P ~1P(£l), when x ~ L
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions

Consider one mesa on the interval [—L, L]. Denote the interface
locations by ¢. The eigenfunctions are estimated as

¢~ cruy, P ~1P(£l), when x ~ L

Multiplying (1) by uy and integrating over [—L,0], as well as using
the eigenfunction estimates, we obtain

0 Uy
AC_ / U)2<dX ~ 52 (wxux - ¢uxx)‘gL+(w(_€) —C- WX(_e))/ deu
L u—_
Similarly, on the interval [0, L]

Ut

L
Acy /0 uZdx ~ €2 (ex — Puxx)lg — (V(0) — cpw(L)) / fwdu

u—
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions

Simplifying

wo )= (L2l e,

where
_ fSL u)%dx o g2
N fi_* fydu’ 1= fu”j f,, du

ko
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions

Simplifying

wo )= (L2l e,

where
_ fSL u)%dx o g2
N fi_* fydu’ 1= fu”j f,, du

ko

Next, we determine the boundary terms and v terms, then solve
for X in terms of D and z = €%, 6 = %,kzl,...,K—l
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions Result

fuuj fwdu

Ao~ (at b)) e
o ~(a+] DfO‘Lude
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions Result

N f;'* fwdu
)\ ~ (a+ b -
o ~(at] |)f0_LU)2<dX
where
_ (gr—8g) L gt
a = arto-ot D 1—cosé D
s o 2e: — ) [Llas+a)
= 2 _ — —(L—-0)a—
|b| aof +a 4+ 2a4a- cosf + ) T —cosd Lay — ( o

(g —g-)? [,
+m [L -2(1 7c050)£(1_7£)]
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Eigenvalues

Eigenvalues: Periodic Boundary Conditions Result

N f;'* fwdu
Ay ~(a+|b|)—/———
o ~(a+] |)f0_LU)2<dX
where
_ (gr—g) L gt
a = arto-ot D 1— cosf D
2 2 20g: —g-) [Lla: +a-)
= 2 _ — —(L—=0)a-
|b| aof +a 4+ 2a4a- cosf + ) T —cosd Lay — ( o
L e e ) [LZ — 2(1 — cos 0)(L — z)]
D?(1 — cos 0)?
with
2C2% 1 2py 2C2 % 1 pIT
= Sotht ) el = S v
o L fudue P e ) L fudue 0 € ( )
27k
== =1,.,.K-1
6= k=1, K
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Eigenvalues

Eigenvalues: Neumann Boundary Conditions

Consider the steady state consisting of K mesas on the interval of
size 2KL, with Neumann boundary conditions. The linearized
problem admits 2K eigenvalues. These are those given by the
periodic boundary conditions and the following

NSy S v
e ol +o_(L-1) fO_L u2dx
and [
2 " du
gL u_ ‘W
Aodd = (2@ -D > —7
(8- — &+) Jo u2dx
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Stability Thresholds

Stability Thresholds

To determine the critical value of D, where the mesa patterns
become unstable, we set Ay = 0 and solve, giving
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Stability Thresholds

Stability Thresholds

To determine the critical value of D, where the mesa patterns
become unstable, we set Ay = 0 and solve, giving

L 1 1 2aya_(1—cosb)g2g? )
Dg = > — — ) 5 + Z - 4( 2 + 2 )2
(g- —g+)(g- a- + g %ay) E-0+ T 8O-
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Stability Thresholds

Stability Thresholds

Since this function Dy is an increasing function of 6, the first
eigenvalue to become unstable corresponds to kK = 1 where
k=1,...K—1.

—1

2 —_(1-— K)g? g2
Dr L <1+\/1 ara—( cos/ )g+g>

S 2g —g)(g o t+gtar) \ 2 |4 4g2as +gla-)?
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Numerics

Simple example

Consider:

fluyw) = 2(u—u?)+w

Rebecca McKay CAIMS



Numerics

Simple example

Consider:

fluyw) = 2(u—u?)+w
glu,w) = Bo—u

=017, L=1¢=% =0

Initial conditions:

(x — x0) +e>_tanh ((X —xg) — ¢

9 9

u(x,0) :tanh( )—1, w(x,0) =0
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Numerics

Numerics

Circles give A computed from solving the eigenvalue problem
numerically and the solid line gives the asymptotic approximation
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Numerics

Circles give A computed from solving the eigenvalue problem
numerically and the solid line gives the asymptotic approximation
to A

D
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Numerics

Thank you!
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